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1 Outline

In this lecture, we study

e Variance-reduced (VR) stochastic methods,

e Proximal gradient descent.

2 Variance-reduced (VR) stochastic methods

Although the mini-batch SGD works with a reduced variance, it still cannot exploit the self-tuning
property of smooth functions. In this section, we present another variant of SGD that achieves
both variance reduction and improvement for smooth functions.

We focus on the following set up. We consider

n

minimize,cpa  f(z) = — Z fi(z)

i=1

which is called the finite-sum problem. In stochastic optimization, we had the objective of

E[f(z,€)].
Sampling n random vectors &1, ... ,&,, we obtain n sampled functions f(z,&;), ..., f(x,&,). More-
over,
1 n
=1
is an estimator of the original objective function. Taking f;(x) = f(x,&;), we get the above

optimization problem. Hence, in the context of stochastic optimization, the problem is often called
the empirical risk minimization (ERM) and the sample average approzimation (SAA).

When it comes to defining the finite-sum problem for ERM (and SAA), we typically consider convex
loss functions. On the other hand, the finite-sum model is also being used for deep learning, for
which we use non-convex loss functions. Hereinafter, however, we focus on convex functions.

It is widely known that stochastic gradient descent works well for the finite-sum problem. In the
previous section, we learned that taking a mini-batch of stochastic gradients can reduce the variance
term. In fact, there are other ways of reducing the variance, and they are often called variance
reduced (VR) stochastic methods. Among many of these methods, we mention a few below.

e Stochastic average gradient (SAG) [SLRB17].
o SACA [DBLJ14].

e Stochastic variance reduced gradient (SVRG) [JZ13].



2.1 Stochastic variance reduced gradient (SVRG)

In particular, we introduce SVRG for this lecture. To elaborate, we select an index r from {1,...,n}
uniformly at random. Then for any two points x and y, consider

9z = vfr(x) - (vfr(y) - Vf(y))
By the random choice of r, it follows that
E[9z] = E[Vfr(2)] = (E[Vfr(y)] = VF(y))
= V(@) = (Vfy) = Vi)
= Vf(z).
In particular, when y = 2* € argmin,cga f(x), we have
9o =V fr(z) = V[ (2¥).

Moreover, we can use

Lemma 16.1. If fi,..., f, are conver and B-smooth in the fo norm, then
Ervp [IVfr(2) = V@3] < 26(f(2) - f(27))
where P is the uniform distribution over {1,...,n} and z* € argmingcpa f(x).

Proof. Note that
9:(2) = fo(@) = (@) + V@) (@ =a")) 20
because f, is convex. Moreover, f,. is S-smooth, and we have
IVgr(x) = Vgr)llz = IV fr(z) = VIir(z®) = Ve(y) + Vi (@)l2 = V(@) = Vi @)ll2,
implying in turn that g, is 8-smooth. Then it follows that

1 1
0 <x _ Bw(m)) < 0r(0) — 5 IV @B

As g, > 0, we obtain
IVgr ()3 < 28g: ().
By the definition of g,, this is equivalent to the following.
IV fr(@) = Virl@)llo <28 (fo(@) = fola®) = Vfrla") (2 = 2)

Taking the expection of each side with respect to r,
E(IVf-@) = Vi (@)ll] < 28 (E[f(2)] —Ef (o) = E [V o) (@ —2%)) )
=28 (f(2) = f(z") = VI (") (@ — 2"))
=28 (f(x) = f(z")),
as required. O

Lemma 16.1 basically bounds the variance term E [||§z[3] given by g = V fr(z) — V fr(z*). Based
on this result, we consider the following algorithm.

In the inner loop, we obtain a stochastic estimator of the gradient, V f,(yx), as in each iteration of
SGD. On the other hand, the outer loop requires computing the exact gradient, V f(z;).
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Algorithm 1 Stochastic variance reduced gradient (SVRG) descent

Initialize x1 € C.
fort=1,...,T do

Y1 = Tt
for k=1,...,B do
Sample r from {1,...,n} uniformly at random.
Update yry1 = ye — n(V fr(yr) — (Vfr(ze) = Vf(24))).
end for
Update z441 = % Zszl Y-
end for

Return zp41.

2.2 SVRG analysis

Theorem 16.2. Assume that fi,..., fn are B-smooth and f = (1/n)> " fi is a-strongly convex
with respect to the lo norm. Setting n = 1/(65) and B = 368 /«, xry1 returned by Algorithm 1
satisfies

T
Bl (er)] - £ < (§) (o) - £
where x* € argmingcga f(x).

Proof. Let
9k = Vfr(yk) - vfr(xt) + Vf($t)

Note that

vkt — 2|13 = llyk — ngr. — 2" |I5

’ ) (16.1)
= |lye — =*|13 — 2ng;, (v, — %) + 1*||gx 13-

Let us consider the third term 1?||gx||3 in the right-hand side of (16.1). Note that

E [llgxl3 | vx]

=E[IVfir(yr) = Vr(ze) + V@3 | vl

=E[|Vfi(yr) = Vr(z") + Vir(z") = Vilze) + V()3 | ] (16.2)
< E2VFi(ye) = V@) +2] = Vir(a™) + Vii(ze) = V()3 | yx]

= 2E [IVfr(ue) = V@) | ye] +2E || = V(@) + V() = V()5 | ve]

where the inequality is because [la — b||3 < 2[|a||3 + 2||b]|3. Moreover, the second term in the



right-hand side of (16.2) can be bounded as follows.

(

E [l = V(@) + V(@) = VF@)l3 | i)

=E [H = V(@) + V(@3 — 2V F (@) (Vfrlme) = V@) + IV F @3 | vk
(

=E[| - V(=) + Vi@)3 | ] —2VF(z) "E [V fr(z) = Viir(z®) | vl
+E[IVF ()3 | ]

=E[| - V@) + V@3 | w] —2VF () (V) — V("))
+E[IV @3 | v

=E[| - V") + V)3 | k] — 2VF (@) V() +E[IV (@)l | ]

=E[| = V() + V()3 | ye] —E[IV (@)l | va]

SE[| = V@) + V@)l | u] -

Combining (16.2) and (16.3), it follows that

E [llgkll3 | o]

<2E [[IVfrlyr) = V@) | wk] +2E[| = VI (z*) + V()5 | vk]
< AB(f(yr) — f(2%) +4B(f (2) — f(27))

= 4B(f(yr) = f(27) + () = f(27)).

Applying the tower rule to (16.4),

E [llgell3 | ]

x —

E[E[lgell3 | ys)
E[48(f(yx) — f(=
E

IA

- )|
ABE[f(yk) | z4] — f(@") + f(2e) — f(2")).

]
Next, we consider the term —2ng, (yx — 2*) in (16.1).

E [—2ng7 (ys — ) | yk| = —20E [gx | w]" (yr — 27)
= 2B [V fo(y) — Vr(ze) + V(@) | " (g — 27)
= =29V f(yr) " (g — =*)

< =2n(f(yr) — f(z")).

Again, applying the tower rule to (16.6),

E[-209] (g —2*) | @] =E[E [-2ng] (s — ") | ] | 2]
<E[-20(f(y) — [=) | i
= —2(E[f() | @] - f(a")

Combining (16.1), (16.5), and (16.7), we obtain

E [llyesr = 2"lI3 | 2] <E[lye =213 | @] = 20(E[f(ye) | @] - f(27))
+A?B(E [f(yw) | 2] — f(a*) + f(ae) — f(z7))
=E [llye — 23 | 2] —2n(1 — 208)E[f(y) | 2] - f(2"))
+ AP B(f () — f(a))
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Summing (16.8) over k =1,..., B, we obtain

B

20(1 = 208) Y (E[f(yw) |z = f(2) <E[llyr = 2"lI3 | @] —E [lyp1 —2*|3 | ]
k=1

+ 41 BB(f () — f(a")) (16.9)
<l = 2*|3 + 4°BB(f (1) — f (7))

< (2+a0258) (@) - 10"

Dividing each side of (16.9) by B,

(1 = 2B)(E[f (weg1) | ] — f(27)) = 2n(1 — 2nB)(E

k=1
B
< 2n(1  218) %Z F) | el - g (1610
k=1
( T ) (fae) — ().
Remember that ) 365
n= @, B = .
Then it follows from (16.10) that
B ()| o = f) < 5oty <2+4n26> (fae) — ("))
— 2 (555 + 95) U@ - 1) (16.11)
3 *
= " (f )~ £
Applying the tower rule to (16.11),
E[f (w1)] - f*) < S(E[f ()] ~ F(a°))
¢ (16.12)
< (§) tan- s,
as required. O

3 Proximal gradient descent

Recall the formulation of LASSO, given by
1

in  —|y—XB[3+ AB1.

min - —lly = X518+ A8l

Here, the objective function is non-differentiable because of the ¢;-regularization term A||3||1, and
therefore, it is non-smooth. On the other hand, the objective is convex, and we have a character-
ization of the subdifferential of ||3]|1, so we can simply apply the subgradient method. To bound
the additive error by ¢, the subgradient method requires O(1/¢€2) iterations.
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If you take a closer look at the objective, it consists of two part. One part is smooth, and the other
part is something whose subdifferential is well understood. Can we use this structure to obtain a
better algorithm? The main subject of this section is developing an algorithm that converges to an
e-approximate solution after O(1/¢) iterations.

3.1 Projection and proximal operator

We studied the projected gradient descent method, where at each step, we take a projection to the
constraint set. When the constraint set is given by C, the projection operator is given by

1 1
Projo(z) = argmin —||u — z||3 = argmin {Ic(u) + —|lu— ac”%}
ueC 2 u€Rd 2

where I (u) is the indicator function of C'. This definition is proper as there is a unique minimizer
for the optimization problem. Hence, the projection operator is defined by the indicator function
and the proximity term (1/2)||u — z||3. The proximal operator is a generalization of the projection
operator replacing the indicator function by other general functions.

The proximal operator with respect to a convex function h is defined as follows.
. 1 2
Prox,(z) = argmin $ h(u) + =||ju — z||5 ¢ .
u€Rd 2

Again the definition is proper because the objective of the optimization problem is strongly convex.
Hence, for any n > 0,

1
Prox,,(x) = argmin {h(u) + —llu— 5””%} :
ueRd 2

As projected gradient descent proceeds with the update rule
Tr41 = Projo {zy —nV f(z)},

we can defined the proximal gradient method with the update rule

Tip1 = Proxgp(xe — 0V f(2y)).

In particular, when we take the indicator function I for h, the proximal gradient method reduces
to the projeced gradient descent method.
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