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1 Introduction to integer programming

Many real-world decision-making problems require decisions over a discrete set of available choices.
Integer programming provides a general and comprehensive framework to model such decision-
making settings. With the success of modern integer programming software such as Gurobi,
CPLEX, and Xpress, integer programming is arguably the most prevalent optimization framework
in operations research.

Let us consider a toy example. First, the following is a simple linear program (LP) with two
variables.

max 4z + by

s.t. x4+ 3y <10,
3z +y <10,
z,y > 0.

We can draw the feasible region of this LP as in (25.1). We know that linear programming is “easy”

Figure 25.1: Depicting the feasible region of the linear and integer programs

in that there is a polynomial time algorithm for solving linear programs, such as the ellipsoid method
and the interior point method. By solving the linear program, we know that the optimal solution
is (z,y) = (5/2,5/2) which is at the intersection of two lines x + 3y = 10 and 3z + y = 10. What
if we want a solution whose componets are all integers?

max 4x + 5y
s.t. =4+ 3y <10,
3x +y < 10,
z,y >0,
(z,y) € Z°.



Basically, we add an additional condition that (z,y) € Z2, where Z denotes the set of integers,
to the above linear program. In Figure 25.1, the red dots depict the set of solutions that satisfy
the linear inequalities and the integrality condition. In fact, the second optimization problem
is called an integer program. As the objective function and the other constraints are given by
linear functions, the optimization problem is also referred to as an integer linear program.

What is an optimal solution to the integer program? The first attempt is to look at the optimal
solution to the linear program, which is (5/2,5/2), and round the components to the nearest
integers. However, there are a couple of issues with the rounding procedure.

1. There can be many integer solutions obtained from rounding the optimal solution to the linear
program. We may round 5/2 to 2 or 3. Hence, (2,2), (2,3), (3,2), and (3, 3) may be obtained
from rounding (5/2,5/2). When the number of variables is d, the number of solutions from
rounding is up to 2.

2. We cannot guarantee the feasibility of solutions obtained from rounding. (2,2) is feasible,
but (2,3), (3,2), and (3,3) are all infeasible.

3. More importantly, it is not always the case that there is an optimal solution from the list of
solutions obtained from rounding. In fact, the optimal solution to the our integer program is
given by (1,3).

Therefore, linear programming combined with rounding does not necessary solve integer program-
ming. It turns out that integer programming is N P-hard, which implies that there would be no
polynomial time algorithm unless P = NP. Integer programming includes difficult problems in
computer science such as Satisfiability and the Traveling Salesman Problem (TSP). Furthermore,
linear programming is a class of convex optimization, while the set of solutions to a integer program
is discrete and thus non-convex. These computational challenges require methodologies that deal
with the discrete nature of integer programming, which has motivated an extensive research on
integer programming both in theory and practice.

In fact, integer programming has a long histroy shortly after George B. Dantzig developed the
simplex method for linear programming. Since then, integer programming models for combina-
torial optimization were extensively studied both in theory and practice. For example, Dantzig,
Fulkerson, and Johnson [3, 4] in the 1950’s developed an integer programming formulation for the
Traveling Salesman Problem (TSP), which was the precursor of the now-called branch-and-cut
algorithm. In 1965, Jack Edmonds [5] developed the blossom algorithm for the matching problem
based on integer programming. There were massive activities in the 1970’s and 1980’s on devel-
oping integer programming formulations for discrete optimization problems that arise in business
operations.

In the 1990’s and 2000’s, the research community advanced the technology of general purpose
cutting-planes that can be implemented in branch-and-bound algorithms. Here, “general” means
that the cutting planes work for arbitrary integer programs not just for some specific formulations.
This development led to the modern success of integer programming software. In fact, the history
of general purpose cuts dates back to 1958 when Ralph Gomory developed Gomory’s fractional
cuts and the first convergent cutting plane algorithm for pure integer programs [6]. Later in
1963, he developed Gomory’s mixed integer cuts for mixed integer programs [7]. However,
until the mid 1990’s, it was a common belief that Gomory’s cuts are useless in practice and that
one has to exploit the underlying combinatorial structure of a given problem [2]. In the summer
of 1993, Sebastian Ceria and Gérard Cornuéjols obtained the first successful implementation of
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Gomory’s mixed integer cuts and demonstrated that Gomory’s cuts are indeed powerful [1, 2].
Later on, various general purpose cutting planes have been proposed and studied, such as split
cuts, disjunctive cuts, and mixed-integer rounding cuts.

2 Some integer programming formulations

Before we formally state and define what it is, let us discuss a few exciting integer programming
models from combinatorial optimization, machine learning, and data-driven decision making.

2.1 Bipartite matching

A bipartite graph is a graph G = (V, E) where

e the vertex set V is partitioned into two sets V1 and V5,

e cach edge e € F crosses the partition, i.e. e has one end in V; and the other end in V5.

For example, Figure 25.2 shows a bipartite graph on 7 vertices where one set contains 3 and the
other has 4. A matching is a set of edges without common vertices. In Figure 25.2, the set of

Figure 25.2: Bipartite graph and a matching

green edges gives rise to a matching.

Suppose that each edge e € E has a weight w.. Given a set of edges F', the weight of F' is defined
as the sum of weights of the edges in F', given by, ) . w.. The matching problem is to find a
matching that has the maximum weight.

The matching problem has numerous applications such as auctions and scheduling. The matching
problem can be formulated as the following integer program.

min E Wele

eeE

s.t. Z Te <1, Yvev,
eed(v)
z. € {0,1}, VeeFE



where for v € V,
d(v)={e € E: oneendof e isv}.

In fact, the integer program is a valid formulation for the matching problem even if G is not bipartite.
When G is bipartite, we will see that we may replace the integrality constraint z, € {0,1} fore € FE
by

0<z.<1 or =z €][0,1], Ve€E.

In other words, the following linear program

min E Wele

ecE

s.t. Z Te <1, Yvev,
e€d(v)
0<z. <1, VeeFE

solves the bipartite matching problem. The linear program is called the LP relaxation of the
integer program.

One might wonder when it is the case that the LP relaxation computes an integer optimal solution.
This is not always true, and we will study some sufficient conditions under which the LP relaxation
is equivalent to the given integer program.

2.2 Sparse regression

Let (', y'),..., (2", y") be n data points where x is the vector of features and y is the response
variable. We want to infer a linear model

y=08"x

from the data set. The mean squared error (MSE) is given by

1 (z T 4\?
a2 -aTe)
i

To find a valid 3, one would minimize

MSE + Regularization.

Here, sparse regression corresponds to applying the £y regularization term where

18llo = [{8: : B: # 0},

that is, the number of nonzero components in 3. We solve

min >~ (5= 87a) + Al

where A is some penalty parameter. The ¢y regularization term is non-convex and in fact combi-
natorial. The following is an equivalent reformulation of the problem. For some sufficiently large



M > 0, we consider

n

min %Z (y’ — BTQSZ)Q + A Z 2

i=1 Jj€ld]
s.t. —MngﬁjSMZj, Vi € [d],
zj € {0, 1}, Vj e [d].

Here, the coefficient M is often referred to as the big-M. The computational tractability of
this integer programming formulation heavily depends on the value of M. When M is large, the
constraint —Mz; < 3; < Mz; is too loose. On the other hand, we cannot set M arbitrarily small,
for otherwise, the formulation will be invalid. There have been various techniques developed for
improving the formulation.

3 Integer programming formulation

Let us formally define the intege programming problem. A pure integer linear program is an
optimization problem of the following form.

max ¢z
s.t. Ax <b, (25.1)
z ez

We usually assume that all entries of A,b,c are rational, i.e. A € Q™*% b € Q™, and ¢ € Q<.
Hereinafter, we say that a vector z is integral if all entries of x are integers. We call z € Z¢
the integrality constraint. The integer program (25.1) is called pure because all variables are
restricted to be integral.

Many applications have their decision variables nonnegative, in which case we need constraints
x > 0. Here, we may assume that the system of linear inequalities Az < b includes z > 0.

Decision-making problems may also have decisions of fractional values as well as integer values.
To model such a problem, we define a mixed integer linear program (MIP or MILP) as
follows.
max c¢'x+ hTy
st. Ar+ Gy <), (25.2)
zeZ yeRP

where A, b, ¢, G, h are vectors/matrices of appropriate dimension with rational entries. It is common
to omit the constraint y € RP from (25.2). When there is no continuous variable, i.e. p =0, (25.2)

reduces to a pure integer linear program (25.1). Throughout the course, we refer to mixed integer
linear programs simply as integer programs.

The feasible region or the solution set of (25.2) is the set of solutions satisfying the linear
constraints and the integrality constraints:

S:{(ac,y)Ede]R{p: A:c—i—GySb}.

A set of the form S is often referred to as a mixed integer linear set.



An important concept is the notion of relaxation. The linear programming relaxation or the
LP relaxation of (25.2) is the same optimization problem except that the integrality constraints
are relaxed:

max ¢ z+ hTy

(25.3)
s.t. Az + Gy <b.

Hence, the LP relaxation is, by definition, a linear program. In fact, the notion of relaxation applies
to the feasible region intself. Basically, we say that a set Sy is a relaxation of the feasible region S
if S C Sy. Hence,

P:{(x,y)G]Rdep: A:c+Gy§b}

which is the feasible region of the LP relaxation (25.3) gives rise to a relaxation of S. We could
take
P = {(m,y) eRIXRP: Az+Gly< b'}

with a different system of linear inequalities as long as S C P’.

Example 25.1. Recall the simple example from the last lecture. The LP relaxation of

max 4x + 5y
s.t. x4+ 3y <10,
3z +y <10,
z,y =0,
(z,y) € Z°.

is given by

max 4x + by

s.t. x4+ 3y <10,
3x + 1y <10,
z,y > 0.

Moreover, {(z,y) € R2 : z + 3y < 10,3z +y < 10} is a relaxation of {(z,y) € Z2 : z + 3y <
+ +

10,3z +y < 10}. Here, R is the set of nonnegative real numbers while Z is the set of nonnegative
integers.

4 Convex hull and reduction to linear programming

For our integer program given in (25.2), we take the feasible region for the set S, whose convex hull
is given by
conv(S) = conv ({(:c,y) €ZIxRP: Az + Gy < b}) .
Lemma 25.2. The integer program (25.2) whose feasible region is given by S C Z x RP satisfies
max {CTSC +hly: (z,y) € S} = max {ch +hTy: (z,9) € conv(S)} .
Moreover, the supremum of ¢z + h'y is attained over S if and only if it is attained over conv(S).
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Proof. Since S C conv(Y5), it is straightforward that

max {cTaz +hly: (z,y) € S} < max {ch +hly: (z,y) € conv(S)} .
Next we show that

max {cTac +hly: (z,y) € S} > max {ch +hly: (z,y) € COHV(S)}

holds. Let z* = max{cTa:—i— hly: (x,y) € S}. Then we may assume that z* is finite. Let us
consider

H:{(w,y)eRdep: ch+hTy§z*}.

By definition, we have S C H. Moreover, as H is convex, it follows that conv(S) C H. This implies
that
T T, . * T T, .
max{c r+h'y: (z,y) € conV(S)} <zF = max{c x+h'y: (z,y) € S},

which proves the desired inequality.

Assume that the supremum of ¢z 4+ h 'y is attaned at (Z,7) € S. Then
max {CTCC +hly: (x,y) € S} =c'z+h'y.
Note that (z,y) € conv(S), and the first part implies that
max {cTa? +hly: (z,y) € COHV(S)} =c'z+h'y.

Now assume that the supremum of ¢’z + h'y is attained at a point (Z,7) € conv(S). By the
definition of conv(S), the point can be written as a convex combination of n points in S, given
by (z',4),..., (2", y"). As these n points also belong to conv(S), it follows that ¢’ 2 + h'Ty? <
c¢'Z+ h'y for all i. Moreover,

n
c'T4+hTy= Z Ni(eTzt 4+ hTy)

i=1

for some Aq,..., A, > 0 such that Zie[d} Ai = 1. Then

n ] ) n

cz+hTg=> N2 +nTy) <) Nz +hTg) =c"z+n"y,
i=1 i=1
so the equalities hold throughout. Therefore, ¢'2' +h'y’ = c'Z + h'y for all i € [n)]. O

By Lemma 25.2, solving the integer program (25.2) is equivalent to optimizing over the convex hull
conv(S). By Meyer’s theorem [8], we know that there exists a system of rational linear inequalities
A’z + G'y <V such that

conv(S) = {(w,y) ERIXRP: Az + Gy < b’}.

Consequently, the integer program max {ch +hTy: (z,y) €8 } is equivalent to the linear pro-
gram

max {cTa: +hly: A4+ Gly< b’}

for some rational matrices A’, G’,b'. Therefore, we may say that integer programming reduces to
linear programming. Wait, does this contradict our earlier discusstion that integer programming
is NP-hard while linear programming is in class P? The answer is NO. The reason is that Meyer’s
theorem shows the existence of such a linear system, and in fact, computing the linear system that
gives us the convex hull of S is in general hard.



5 Two-dimensional mixed integer linear set
Consider a mixed integer linear set given by
S={(z,y) €eZxRy: z—y < B} (25.4)

for some 5 € R. Note that
P={(z,y) e RxRy: z—y<p}

corresponds to the LP relaxation of S defined by the two inequalities y > 0 and x —y < §.
Figure 25.3 illustrates the mixed integer linear set S and its relaxation P. Let us characterzie the

1-9 %8
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Figure 25.3: Hlustration of S and P

convex hull of S.

Given a set C C R?, we say that 'z < b where @ € R? and b € R is valid and a valid inequality
for C if
CQ{:EE]RC[: aTxgb}.

In words, inequality a'x < b is valid for C if every point z in C satisfies the inequality. Here, the

set
{xeRd: aTbe}

is called a half-space, and the set
{xERd: aTaz:b}
is called a hyperplane.

Lemma 25.3. Let f = 8 — | 3] be the fractional part of 5. Then the inequality

1
T < 25.
o- <18 (25.5)
holds for any (x,y) € S. In other words, the inequality is valid and a valid inequality for S.
Proof. Let (z,y) € S. Thenx < |B] or xz > |B]+1. If x < | 3], then as y > 0, the inequality holds.
If 2 > |8] + 1, then x = | 3] + k for some integer k > 1. Then z — y < 8 implies that y > k — f,

in which case
k—f (k=1)f
1—f

m_lifygmj+k—1_f=L5J— < 18],

as required. O



Figure 25.4: A half-space (left) and a hyperplane (right)

The inequality (25.5) in Lemma 25.3 holds at equality when

(z,y) = (16],0), (18] +1,1=f).

Equivalently, the line defined by
-y 18]
T 1T fy =

go through the two points (|3],0) and (|5] + 1,1 — f), as shown in Figure 25.5.
1-y<p

A~ ,%fyf LR

LPJ-I LEL p LEJ+1 LA+

Figure 25.5: Valid inequality for S

We will see later that the mixed integer rounding (MIR) cuts by Nemhauser and Wolsey [9]
are obtained based on the inequality (25.5) that is valid for the mixed integer linear set (25.4).
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