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1 Outline

In this lecture, we study

e monotone operators,

resolvents,

operator splitting, and

Douglas-Rachford splitting for convex optimization and its connection to ADMM.

2 Monotone Operators

We say that an operator T : R? = R? is monotone if for all z,y € R? u € T(x), and v € T(y), we
have
(u—v,z—y)>0.

We can also write this as
(T(z) = T(y),z —y) >0 for all z,y € R”.

Moreover, a monotone operator T is maximal (equivalently, maximally monotone) if there is
no other monotone operator S such that T(z) C S(x) for all 2 € R? and T(z) # S(z) for some
r € R4

Example 20.1. If a function f is convex and proper, then the subdifferential 0f is a monotone
operator. Here, a function f is proper if f(z) > —oo for every x € R% and f is finite on some point
in R%. Moreover, if f is closed, convex, and proper, then 0f is maximally monotone.

3 Resolvents

The resolvent of an operator T is defined as
Jr=(I+T)"},

where [ is the identity operator.

Example 20.2. If f is a closed, convex, and proper function, then the resolvent of df is the
proximal operator of f, i.e., Joy = prox;. This is because for any x € R? and v € Jof(z), we have
r € u+ df(u), which is equivalent to u = prox;(z).

The Caley operator of T is defined as
Cr=2Jr—1.

Lemma 20.3. If T is a monotone operator, then Jor is single-valued for every a > 0. Moreover,
Car is non-expansive, and Jor is 1/2-averaged for every a > 0.
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Proof. We first show that J,r is single-valued. Let 2,y € RY, u € Jor(z), and v € Jor(y). Then,
we have
r€e€u+aT(u) and ye€v+aT(v).

This implies that
r—ye€(u—-v)+al(u) —aT(v).

Then
(u—v,x—y) € (u—v,u—v)+afu—ov,T(u) - T(v)).

Since T is monotone, we have (u— v, T(u) —T(v)) > 0. Therefore, we have (u—wv,z —y) > ||u—v|?%.
In particular, if = y, then we have ||u — v||*> < 0, which implies that © = v. Hence, Jur is
single-valued.

Next, we show that C,r is non-expansive. Let x,y € R%. Then, we have
ICar(z) = Car(®)II* = |2Jar(z) — 2 — (2Jar(y) — y)|I?
= [|2Jar () — 2Jar(y) — (z — y)II?
= 4|Jar(2) = Jar ()] = 4ot (@) = Jar(y), = — y) + [lz — y[|*.
Recall that for u = Jor(7) and v = Jor(y), we have (u — v, 2 — y) > ||u — v||?>. Therefore, we have
ICar(z) = Car(y)I* < 4Jar(z) = Jar(W)I* = 4lJar (@) = Jar@)I* + 2 — y]I* = |2 — yII*.
Since Jor = 3(Car + I), we have Jor is 1/2-averaged. O

4 Operator Splitting

Given two maximally monotone operators A and B, we want to find z € R? such that
0 € A(z) + B(x).
Lemma 20.4. If A is mazimally monotone, then for any o > 0, we have
Con = (I — @A) (I + aA)L.
Lemma 20.5. 0 € A(x) + B(z) if and only if for any o > 0, we have
x=Jag(z) and 2z = Cup o Cup(2).
Proof. Note that 0 € A(x) 4+ B(x) if and only if
0€(I+al)(z)— (I —aB)(x),
which is equivalent to
0€ (I+al)(z)—Cup(I + aB)(x).
This is equivalent to
0€(I+ah)(z)—Cap(z), z€(+aB))
This is equivalent to
Ca(2) € (I + aA)]ap(2), == Jap(2).
This holds if and only if
Jap © (CodB(z) = JaB(z)7 T = JQB(Z)'
This is equivalent to
Caa o (CaIB(Z) =% T= JaB(Z)a

as required. O



Hence, z is a solution to 0 € A(z) + B(z) if and only if 2z is a fixed point of Cyp o Cop and
x = Jap(2). This splitting is called Peaceman-Rachford splitting (PRS). Fixed-point iteration
on Peaceman-Rachford splitting proceeds with

Zt4+1 = Can o (CaIB%(Zt)-

However, C,s and C,p are merely non-expansive, so is Cys o C,g. Therefore, the fixed-point
iteration on Peaceman-Rachford splitting may fail to converge. To fix this issue, we can use the
following iteration:

1
Zt+1 = 5(1 + CQA o (CQB)(Zt).
This iteration is called Douglas-Rachford splitting (DRS). Since C,p o C,p is non-expansive,
we have %(I +ConoCqup) is 1/2-averaged. Therefore, the fixed-point iteration on Douglas-Rachford

splitting converges to a fixed point of C,p o C,p. Moreover, if z is a fixed point of C,4 o Cyp, then
x = Jam(2) is a solution to 0 € A(x) + B(x).

DRS can be rewritten as

Tt = JaIB(Zt)v

Zip1 = 2t + Jan (22 — 2¢) — x4

4.1 Douglas-Rachford Splitting for Convex Optimization

Given two closed, convex, and proper functions f and g, we want to solve the following optimization
problem:

min f(@) + g(z).

This is equivalent to finding # € R? such that 0 € 8f(z) + dg(x). Hence, we can apply Douglas-
Rachford splitting to solve this problem. Recall that Jagy(z) = prox, ¢(z) and Jagy(z) = prox,,(z).
Therefore, we have

Ty = Prox,,(2t),
24401 = 2t + proxaf(2xt — 2t) — Ty
Note that the iteration only involves the proximal operators of f and g. Therefore, Douglas-

Rachford splitting is a powerful method for solving convex optimization problems when the proximal
operators of f and g are easy to compute.

An equivalent way to write the above iteration is

Upy1 = ProX, r (27 — 21),
Ti+1 = prOXag(Zt + U1 — $t)
This is equivalent to
Upy1 = ProxX, r(z¢ + wy),

Ti41 = pTOXag(UtH - wt),

W1 = Wt + Typ1 — Upg1-



4.2 ADMM as Douglas-Rachford Splitting

Given two closed, convex, and proper functions f and g, we want to solve the following optimization
problem:

minimize f(x) + g(y)
subject to y = Ax.

The Alternating Direction Method of Multipliers (ADMM) is a powerful method for solving this
problem, given by

. (6%
241 = avgmin { f(x) + /] (Az = y) + Sl Az — yell?}
xT
— ; T(A — A —yll?
yer1 = argmin  g(y) + py (Azers —y) + Sl Aze — g7y,
Yy

pir1 = pe + a(Aze1 — Yer1).

We will show that ADMM is equivalent to DRS applied to the dual of the above problem.
The dual of this problem is

minimize f*(—A"p) + ¢*(1).
Then DRS applied to the dual proceeds with

Ut1 = ProXy pe (a7 (e + W),
fit+1 = ProXggs (U1 — wy),

Wil = Wt + b1 — Upy1-
Note that uer1 = proxg g« a7.) (e +wy) holds if and only if
Wt + Wy — Uy € a(—A)ﬁf*(—ATut+1),
which is equivalent to
i(ut twp — Upy1) = —Azip1,  Tpg1 € OF(—A upt).
Setting w; = —ay,, we have
upr = i+ (Azeiy — ), w1 € Of (—ATurpn),
Here, z441 € Of*(—ATuzy 1) holds if and only if —A w1 € Of(2441), which is equivalent to
0€df(wrs1) + Aluryr = f (wer1) + AT (1 + (Azeir — yr))-

Hence, we have

. a
Tyr1 € argmin {f(x) + ,u;r(Ax — )+ §||Ax — yt|]2} .
xT

Moreover, jpr1 = proxag*(utﬂ — wy) holds if and only if

U1 — Wi — fpy1 € @0g" (peg1)-
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Let
1 1
Ytr1 = — (U1 — Wy — fhet1) = ——Wei1.
o «

Then, we have y;+1 € g™ (1441), which is equivalent to p+1 € 9g(ye+1). Moreover, we have

P+l = Uyt — Wi — QY1 = pe + (ATpp1 — Yeg1)-
This is equivalent to
0 € 99(ye+1) — it — a(Azir1 — Yeg1)-
Hence, we have

. (0]
Yi+1 € argmin {g(y) + 1 (Azpn —y) + 5”1490t+1 - sz} :
Yy
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