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1 Outline

In this lecture, we study

• monotone operators,

• resolvents,

• operator splitting, and

• Douglas-Rachford splitting for convex optimization and its connection to ADMM.

2 Monotone Operators

We say that an operator T : Rd ⇒ Rd is monotone if for all x, y ∈ Rd, u ∈ T(x), and v ∈ T(y), we
have

⟨u− v, x− y⟩ ≥ 0.

We can also write this as

⟨T(x)− T(y), x− y⟩ ≥ 0 for all x, y ∈ Rd.

Moreover, a monotone operator T is maximal (equivalently, maximally monotone) if there is
no other monotone operator S such that T(x) ⊆ S(x) for all x ∈ Rd and T(x) ̸= S(x) for some
x ∈ Rd.

Example 20.1. If a function f is convex and proper, then the subdifferential ∂f is a monotone
operator. Here, a function f is proper if f(x) > −∞ for every x ∈ Rd and f is finite on some point
in Rd. Moreover, if f is closed, convex, and proper, then ∂f is maximally monotone.

3 Resolvents

The resolvent of an operator T is defined as

JT = (I + T)−1,

where I is the identity operator.

Example 20.2. If f is a closed, convex, and proper function, then the resolvent of ∂f is the
proximal operator of f , i.e., J∂f = proxf . This is because for any x ∈ Rd and u ∈ J∂f (x), we have
x ∈ u+ ∂f(u), which is equivalent to u = proxf (x).

The Caley operator of T is defined as

CT = 2JT − I.

Lemma 20.3. If T is a monotone operator, then JαT is single-valued for every α ≥ 0. Moreover,
CαT is non-expansive, and JαT is 1/2-averaged for every α ≥ 0.
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Proof. We first show that JαT is single-valued. Let x, y ∈ Rd, u ∈ JαT(x), and v ∈ JαT(y). Then,
we have

x ∈ u+ αT(u) and y ∈ v + αT(v).
This implies that

x− y ∈ (u− v) + αT(u)− αT(v).
Then

⟨u− v, x− y⟩ ∈ ⟨u− v, u− v⟩+ α⟨u− v,T(u)− T(v)⟩.
Since T is monotone, we have ⟨u−v,T(u)−T(v)⟩ ≥ 0. Therefore, we have ⟨u−v, x−y⟩ ≥ ∥u−v∥2.
In particular, if x = y, then we have ∥u − v∥2 ≤ 0, which implies that u = v. Hence, JαT is
single-valued.

Next, we show that CαT is non-expansive. Let x, y ∈ Rd. Then, we have

∥CαT(x)− CαT(y)∥2 = ∥2JαT(x)− x− (2JαT(y)− y)∥2

= ∥2JαT(x)− 2JαT(y)− (x− y)∥2

= 4∥JαT(x)− JαT(y)∥2 − 4⟨JαT(x)− JαT(y), x− y⟩+ ∥x− y∥2.

Recall that for u = JαT(x) and v = JαT(y), we have ⟨u− v, x− y⟩ ≥ ∥u− v∥2. Therefore, we have

∥CαT(x)− CαT(y)∥2 ≤ 4∥JαT(x)− JαT(y)∥2 − 4∥JαT(x)− JαT(y)∥2 + ∥x− y∥2 = ∥x− y∥2.

Since JαT = 1
2(CαT + I), we have JαT is 1/2-averaged.

4 Operator Splitting

Given two maximally monotone operators A and B, we want to find x ∈ Rd such that

0 ∈ A(x) + B(x).

Lemma 20.4. If A is maximally monotone, then for any α > 0, we have

CαA = (I − αA)(I + αA)−1.

Lemma 20.5. 0 ∈ A(x) + B(x) if and only if for any α > 0, we have

x = JαB(z) and z = CαA ◦ CαB(z).

Proof. Note that 0 ∈ A(x) + B(x) if and only if

0 ∈ (I + αA)(x)− (I − αB)(x),

which is equivalent to
0 ∈ (I + αA)(x)− CαB(I + αB)(x).

This is equivalent to
0 ∈ (I + αA)(x)− CαB(z), z ∈ (I + αB)(x).

This is equivalent to
CαB(z) ∈ (I + αA)JαB(z), x = JαB(z).

This holds if and only if
JαA ◦ CαB(z) = JαB(z), x = JαB(z).

This is equivalent to
CαA ◦ CαB(z) = z, x = JαB(z),

as required.
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Hence, x is a solution to 0 ∈ A(x) + B(x) if and only if z is a fixed point of CαA ◦ CαB and
x = JαB(z). This splitting is called Peaceman-Rachford splitting (PRS). Fixed-point iteration
on Peaceman-Rachford splitting proceeds with

zt+1 = CαA ◦ CαB(zt).

However, CαA and CαB are merely non-expansive, so is CαA ◦ CαB. Therefore, the fixed-point
iteration on Peaceman-Rachford splitting may fail to converge. To fix this issue, we can use the
following iteration:

zt+1 =
1

2
(I + CαA ◦ CαB)(zt).

This iteration is called Douglas-Rachford splitting (DRS). Since CαA ◦ CαB is non-expansive,
we have 1

2(I+CαA ◦CαB) is 1/2-averaged. Therefore, the fixed-point iteration on Douglas-Rachford
splitting converges to a fixed point of CαA ◦CαB. Moreover, if z is a fixed point of CαA ◦CαB, then
x = JαB(z) is a solution to 0 ∈ A(x) + B(x).

DRS can be rewritten as

xt = JαB(zt),
zt+1 = zt + JαA(2xt − zt)− xt.

4.1 Douglas-Rachford Splitting for Convex Optimization

Given two closed, convex, and proper functions f and g, we want to solve the following optimization
problem:

min
x∈Rd

f(x) + g(x).

This is equivalent to finding x ∈ Rd such that 0 ∈ ∂f(x) + ∂g(x). Hence, we can apply Douglas-
Rachford splitting to solve this problem. Recall that Jα∂f (x) = proxαf (x) and Jα∂g(x) = proxαg(x).
Therefore, we have

xt = proxαg(zt),

zt+1 = zt + proxαf (2xt − zt)− xt.

Note that the iteration only involves the proximal operators of f and g. Therefore, Douglas-
Rachford splitting is a powerful method for solving convex optimization problems when the proximal
operators of f and g are easy to compute.

An equivalent way to write the above iteration is

ut+1 = proxαf (2xt − zt),

xt+1 = proxαg(zt + ut+1 − xt)

This is equivalent to

ut+1 = proxαf (xt + wt),

xt+1 = proxαg(ut+1 − wt),

wt+1 = wt + xt+1 − ut+1.
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4.2 ADMM as Douglas-Rachford Splitting

Given two closed, convex, and proper functions f and g, we want to solve the following optimization
problem:

minimize f(x) + g(y)

subject to y = Ax.

The Alternating Direction Method of Multipliers (ADMM) is a powerful method for solving this
problem, given by

xt+1 = argmin
x

{
f(x) + µ⊤

t (Ax− yt) +
α

2
∥Ax− yt∥2

}
,

yt+1 = argmin
y

{
g(y) + µ⊤

t (Axt+1 − y) +
α

2
∥Axt+1 − y∥2

}
,

µt+1 = µt + α(Axt+1 − yt+1).

We will show that ADMM is equivalent to DRS applied to the dual of the above problem.

The dual of this problem is

minimize f∗(−A⊤µ) + g∗(µ).

Then DRS applied to the dual proceeds with

ut+1 = proxαf∗(−A⊤·)(µt + wt),

µt+1 = proxαg∗(ut+1 − wt),

wt+1 = wt + µt+1 − ut+1.

Note that ut+1 = proxαf∗(−A⊤·)(µt + wt) holds if and only if

µt + wt − ut+1 ∈ α(−A)∂f∗(−A⊤ut+1),

which is equivalent to

1

α
(µt + wt − ut+1) = −Axt+1, xt+1 ∈ ∂f∗(−A⊤ut+1).

Setting wt = −αyt, we have

ut+1 = µt + α(Axt+1 − yt), xt+1 ∈ ∂f∗(−A⊤ut+1).

Here, xt+1 ∈ ∂f∗(−A⊤ut+1) holds if and only if −A⊤ut+1 ∈ ∂f(xt+1), which is equivalent to

0 ∈ ∂f(xt+1) +A⊤ut+1 = ∂f(xt+1) +A⊤(µt + α(Axt+1 − yt)).

Hence, we have

xt+1 ∈ argmin
x

{
f(x) + µ⊤

t (Ax− yt) +
α

2
∥Ax− yt∥2

}
.

Moreover, µt+1 = proxαg∗(ut+1 − wt) holds if and only if

ut+1 − wt − µt+1 ∈ α∂g∗(µt+1).
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Let

yt+1 =
1

α
(ut+1 − wt − µt+1) = − 1

α
wt+1.

Then, we have yt+1 ∈ ∂g∗(µt+1), which is equivalent to µt+1 ∈ ∂g(yt+1). Moreover, we have

µt+1 = ut+1 − wt − αyt+1 = µt + α(Axt+1 − yt+1).

This is equivalent to
0 ∈ ∂g(yt+1)− µt − α(Axt+1 − yt+1).

Hence, we have

yt+1 ∈ argmin
y

{
g(y) + µ⊤

t (Axt+1 − y) +
α

2
∥Axt+1 − y∥2

}
.
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