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1 Outline

In this lecture, we study

e optimization with functional constraints,
e Nesterov’s bisection method,

e Polyak’s switching algorithm.

2 Optimization with Functional Constraints
In this lecture, we consider problems of the structure

minimize f(x)
subject to  g(z) <0 (18.1)
reX

where f,g : R? — R are convex functions and X C R? is a convex set. For simplicity, we assume
that both f and g are differentiable. Let 2* denote an optimal solution to (18.1), i.e.,

¥ € argmin{f(z): g(x) <0, z € X}.
The goal is to find an e-approximate solution Z, i.e., a feasible point & € X such that
g(i) <e and (@) f(a") <e.

We may attempt to solve (18.1) using projected gradient descent, but this may be inefficient if the
feasible set {x € X : g(z) < 0} is complicated. Instead, we will study two alternative methods:
Nesterov’s bisection method [Nes18] and Polyak’s switching algorithm [Pol67].

2.1 Nesterov’s Bisection Method

Suppose that we know the optimal value f* = f(z*). Then computing an e-approximate solution
to (18.1) is equivalent to finding a solution Z with h(Z) < e where h is defined as

h(z) :=max{g(z), f(z)—f"}.
Lemma 18.1. mingecy h(z) = h(z*) = 0.

Proof. As g(z*) < 0and f(z*)— f* = 0, we have h(z*) = 0. For any « € X, if g(z) < 0, then by the
definition of f*, we have f(z)— f* > 0 and thus h(z) > 0. Therefore, min,ex h(z) = h(z*) =0. O

By this lemma, problem (18.1) is equivalent to the problem of minimizing h over X'. For minimizing
h, we may apply the projected subgradient method to find an e-approximate solution in O(1/€?)
iterations. Hence, if we know f*, then we can solve (18.1) in O(1/€?) iterations. This in turn
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implies that once we obtain a good estimate of f*, we can solve (18.1) efficiently. Here, the idea
behind Nesterov’s algorithm is to esimate f* using a bisection method.

Let us describe the algorithm as follows. For any v € R, we consider

ho(z) := max{g(z), f(z)—v}.

Here, we will iteratively update v to approximate f*. Again, for any v € R, h, is a convex function.
To run the bisection method, we need lower and upper bounds on f*. Let £ and u be such that

1< fF <.

For example, we can set £ = mingex f(x) and u = f(xo) for some feasible solution zy € X with
g(xo) < 0. The algorithm is as follows:

Algorithm 1 Bisection-based method

Initial lower and upper bounds ¢, u on f*, desired accuracy level € > 0.
—L
Set N = [log, 2/21.
fort=1,...,N do
Set v = ({4 u)/2.
Use the projected subgradient method to find an S-approximate solution x, to mingey hy ().

=
if hy(z,) > €/2 then

Set £ = v.
else
Set u = v.
end if
end for
Return z,,

Lemma 18.2. For any v € R, the subdifferential of h, at x is given by

{Vg(x)} if g(x) > f(w) — v
Ohy(z) = { {Vf(2)} if g(x) < fla) = v
conv{Vg(z), Vf(z)} if gla) = f(x) —v

Hence, we can compute a subgradient of h, at x by evaluating V f(z) and Vg(x), which is neces-
sary for implementing the projected subgradient subroutine in Algorithm 1. Assuming Lipschitz
continuity of f and g, we know that the projected subgradient method returns an €/2-approximate
solution to mingey hy(z) in O(1/€?) iterations. The following theorem shows the convergence of
Algorithm 1.

Theorem 18.3. After N = O(log(1/e€)) bisection iterations, Algorithm 1 returns an e-approzimate
solution to (18.1). If each of the N subproblems is solved using the projected subgradient method in
O(1/€?) iterations, then the total number of iterations is O((1/€%)log(1/e)).

Proof. We first show that ¢ is always a lower bound on f*. Initially, we have £ < f*. For any
v € R, let h*(v) denote the optimal value of mingex hy(x). Note that h*(v) is a non-increasing
function in v. Moreover, h*(v) is minimized at v = f* with h*(f*) = 0. At the beginning of time
step t, suppose that we have ¢ < f*. If h,(z,) > €/2, then as z, is an €/2-approximate solution to
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mingex hy(z), we have h*(v) > hy(x,) —€/2 > 0. This means that v < f*. Hence, for time step
t+ 1, we have £ = v < f*. On the other hand, if h,(x,) < €/2, then ¢ remains unchanged for time
step t + 1. Therefore, by induction, we have £ < f* for all time steps.

For u, we show that h,(z,) < €/2 is always satisfied. For the initial value of u, we know that
< w, so h*(u) < h*(f*) = 0. As z, is an €/2-approximate solution to mingecx hy(z), we
have hy(z,) < h*(u) + €/2 = €/2. Now, suppose that at the beginning of time step ¢, we have
hy(xy) < €/2. If hy(x) > €/2, then u remains unchanged for time step ¢ + 1, s0 hy(x,) < €/2 still
holds. On the other hand, if h,(z,) < €/2, then we set v = v, in which case hy(z,) < €/2 holds for
time step t + 1.

To summarize, for each time step, we maintain
(< F and hy(za) < /2.
After the final time step N, we have u — £ < €/2. This means that
g(on) < €/2 and  f(za) — 17 < hulw) +u—f* < /24 (w—0) <6
as required. O
2.2 Polyak’s switching Algorithm

Next, we describe Polyak’s switching algorithm due to Polyak [Pol67]. Recall that Algorithm 1
requires O((1/€%)1log(1/¢)) iterations to find an e-approximate solution to (18.1). Here, we incur an
additional O(log(1/€)) factor compared to the optimal iteration complexity of O(1/e?) for solving
convex optimization problems. The reason is that we need to estimate f* using a bisection method,
which requires O(log(1/¢)) iterations. The algorithm avoids this issue by directly solving (18.1)
without estimating f*, thereby obtaining the optimal iteration complexity of O(1/¢€?).

The main idea is as follows. We apply gradient descent on the constraint function g until its value
goes under €. Then we apply gradient descent on the objective function f until the value of g goes
above e. We repeat this process until we find an e-approximate solution to (18.1). This algorithm
is guaranteed to terminate in O(1/€?) iterations.

Algorithm 2 Polyak’s Switching Algorithm
Initial solution x; € X, desired accuracy level € > 0, step size n > 0, total number of iterations
T.
fort=1,....,7 do
if g(x¢) < e then
Set dt == Vf(ﬂl‘t)

else
Set dt = Vg(xt)
end if
Tt+1 = projy(zr — ndy).
end for

Return & = argmin{ f(z;): g(z:) <e, t=1,...,T}.

Theorem 18.4. Suppose that f and g are L-Lipschitz continuous. If we set the step size n = ¢/L?
and run Algorithm 2 for T = O(1/€?) iterations, then it returns an e-approzimate solution to (18.1).



Proof. Note that for any ¢, we have ||d;|| < L. By the non-expansiveness of the projection operator,
we have

|zt 11 — &*[|* = ||projx (x; — nds) — projx (z*)|?
< @ — ndy — 2*|?
= |l — 2*)|* — 2nd; (x; — 2*) + n?[|dy >
<l — 2| — 2nd/ (v, — &*) + n*L*.
Then it follows that
2 dl =) € gl o[+ 12

This implies that

”L2.

min dt (2 — %) < —||z1 — =*||3 +

1<t<T - onT
Fort e {1,...,T}, if g(z;) < ¢, then by the convexity of f, we have d; = V f(z;) and

Flw) = F(z%) < V(o) (@ —a*) = df (- 2*).
On the other hand, if g(z;) > €, then by the convexity of g, we have d; = Vg(x;) and
glwr) — g(a*) < Vg(a)) (@ — 2%) = d] (a1 — 7).
As g(z*) <0, we have
e < glw) <df (w— ")+ g(z*) < d/ (1 — 2%).
We have that for each ¢, combining the above two cases, we have
df (z; — ) > min {e, min {f (z;) — f(z"): g(z;) <€, t=1,...,T}}.
This implies that
min {e, min { f(z;) — f(z¥) : g(z) <€, t=1,...,T}} < min dt (xp — ™)

1<t<
77

Setting n = ¢/L? and

2L2

T > — [z — 2™[|3,

€

we have 1 )
min {e,min {f(z;) — f(z¥) : g(a) <e, t=1,...,T}} < 16—}— J€ <€
This means that
min {f(x) — f(2"): g(ay) <e, t=1,....T} <e.

Hence, the output & of Algorithm 2 is an e-approximate solution to (18.1), as required. O
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