3341.454: Mathematical and Numerical Optimization SNU, Spring 2026
Lecture #17: Augmented Lagrangian method May 4, 2026
Lecturer: Dabeen Lee

1 Outline

In this lecture, we study

e the dual gradient method for separable problems,
e the augmented Lagrangian method, and

e the dual of composite minimization problems.

2 Dual gradient method for separable problems

We can use dual methods when the objective is separable while there is a system of linking con-
straints. We consider

minimize fi(z1) + fa(2)
subject to  Ajx1 + Agxe = 0.

Let us derive its dual. The Lagrangian dual function is given by

inf {f1 (1) + fa(w2) + p' (Arzy + Agzy — b)}
= —bTu + i;llf {fl(xl) + ,uTAlxl} + iagf {fg(:vg) + ,uTAgacg}
= b= sup {=hG@)+(Alw e} - sup {~Fal@2) + (-AT p) Tz |
= b p— fi(=A] p) = f3(~ 43 ).
Therefore, the Lagrangian dual problem is given by
maximize  — fi(=A{ p) — f5(=Agp) = b p.
Again, this problem is equivalent to the following convex minimization problem.

(-1) x minimice f{(—ATp)+ f3(—ATp)+ b p
Given pug, let g € 0 (ff(—AIut) + fZ"(—AQTut) + bTMt). We can argue that
O (f1 (AT ) + F5(= AT ) + b7 ) = —A0ff (~ A ) = A20f3(~AJ ) +b.
Note that 1, € 8ff(—AIMt) if and only if —AlT,ut € 0fi(z1,). This is equvialent to

Tt € argmin {fl(ll,‘l) + /,L;rAl‘rl} .
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Similarly, z9+ € Of5(—Ag uz) if and only if

T2t € argmin {fg(l‘g) + /,L;FAQZUQ} .

2

Therefore, the subgradient method applied to the dual problem proceeds with the following update
rule.
per1 = pie + ne(Arxy s + Aoy — b)

where
. T
r1y € argmin {f1(9€1) + 1y A1$1} ;

1

Tt € argmin {fz(m) + MtTAzirz} .
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Algorithm 1 Subgradient method for the dual problem of a separable minimization

Initialize p.

fort=1,...,7T—1do
Obtain x1 € argmin,, {fl (z1) + uz—Alxl} and wo; € argmin,, {fg(xg) + ,u;rAng}.
per1 = pe + ne(A1x1 ¢ + Agxay — b) for a step size n > 0.

end for

Here, at each iteration, computing the iterates x1; and z2; can be done in parallel. For the primal
problem, the variables 21 and x5 are connected through the constraints Ayxq + Asxo = b. However,
for the dual method, we separate the variables and 1 and z2 by the Lagrangian multiplier.

3 Augmented Lagrangian method
We consider

minimize f(z)
subject to Az =b.

We observed that its dual is given by
maximize — f*(—AT,u) —bp,
which is equivalent to
(=1) x minimize f*(—A"p)+0b"p,
Remember that the dual subgradient method solves the dual problem. In this section, we derive
and study another algorithm that solves the dual formulation.
3.1 Proximal point algorithm applied to the dual

The proximal point algorithm proceeds with the following update rule.

o 1
fu1 = argmln{f (—ATp) +b"p+ 277Hu—ut||§}-
n
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By the optimality condition,
1
0€ —Adf* (—AT 1) + b+ 5(#1&—}—1 — )

Hence,
i1 = p +n(Axy —b)  where z; € f*(—AT pupy1).

Note that 2; € 0f*(—AT py41) holds if and only if —AT sy € Of(2¢), which is equivalent to

0€df(x)+ ATy & 0€df(z)+ A" (e +n(Azy — b))
& 0€df(xe) + AT ps +nAT (Azy — b)

& xp € argmin{f(:c)—i—,utT(Ax—b)—i—gHAa:—bH%}
Hence, the proximal point algorithm for the dual problem works with the following update rule.
. T n 2
x € argmin < f(x) + p, (Az —b) + 5 | Az — bl|5

per1 = p +n(Aze —b).

This is precisely, the augmented Lagrangian method (ALM).

Algorithm 2 Augmented Lagrangian method

Initialize .

fort=1,....,7 do
Find 2; € argmin,, { f(z) + p} (Az — b) + 2|| Az — b||3}.
Update piy1 = pe + n(Az — b).

end for

Notice that the augmented Lagrangian method is the dual gradient method applied to the following
equivalent formulation of the primal problem.

minimize f(x) + gHAx — ||
subject to Ax =b.
Note that the objective is strongly convex, which implies that the dual objective becomes smooth.
3.2 Moreau-Yosida smoothing of the dual

In the previous section, we saw that the proximal point algorithm applied to the dual is equivalent
to the gradient method applied to the dual of
minimize f(x) + gHAa: — 0|3
subject to Ax =b.
From the previous lecture, we learned that the proximal point algorithm is equivalent to the gradient
method applied to the Moreau-Yosida smoothing. Does this imply that the dual of the augmented

problem min{ f(z) + 4|[Az — b||3 : Az = b} is equivalent to the Moreau-Yosida smoothing of the
dual of the original problem min{ f(z) : Ax = b}?
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Let us derive the Moreau-Yosida smoothing of the dual of the original problem min{ f(z) : Az

Recall that the dual of
min {f(z) : Az = b}

is equivalent to
(=1) x minimize h(p) = f*(—ATp)+b"p
Then the Moreau-Yosida smoothing of the dual min{h(u)} is given by
minimize (@)

where . .

bl = inf {0) + gl B =int { 17T + 0Tt g 3}
is the Moreau-Yosida smoothing of h(u).
Next we claim that min{h,(u)} is equal to the dual of

minimize f(x) + gHAa: — 0|3
subject to Ax =b.
To show this, we take the dual of min{h,(x)}. Note that
minimize h, (1) = minimize hy(—(—1)" @) +07 p.
Therefore, the dual of min{h,(u)} is

minimize h; (y)
subject to —y=20.

Recall that 0
ho(y) = h*(y) + §\|y||§

Note that
h*(y) = sup {yTu — (AT - bTu}
o
—sup {—f*(-ATw) ~ (b—y) "}
o
=inf{f(x): Az =0b—y}
X
where the last equality follows from strong duality. Then
* . n
hy(y) = wf {f(z): y=0b— Az} + §|ly||§-
This implies that the dual problem is equivalent to
. n 2
minimize f(z) + §Hb — Azl|3
subject to Ax =b.
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4 Dual of composite minimization

We consider
minimize f(x) + g(Az),

which is equivalent to

minimize f(x) + g(y)
subject to Az =y.

Moreover, it can be rewritten as

minimize f(z) + g(y)
subject to Az —y = 0.

Then we may apply the dual gradient method developed for separable objective functions.

Algorithm 3 Dual gradient method for composite problems

Initialize p.

fort=1,...,7—1do
Obtain z; € argmin, f(z) + p Az and y; € argmin, g(y) — 11/ y.
Update ppr1 = pe + ne(Azy — yp) for a step size ny > 0.

end for

Basically, at each iteration, we minimize the Lagrangian function at p = py:

F@) +g(y) + p (Az —y).

Instead, the augmented Lagrangian method considers the augmented Lagrangian function given by
n
@) +9() + pf (Az —y) + 2 [| Az — yll3.

Here, 1; changes over iterations while n remains constant.

Algorithm 4 Augmented Lagrangian method for composite problems

Initialize p.

fort=1,.... T —1do
Obtain (z1,y:) € argming, ,y f(x) + g(y) + pf (Az —y) + 3] Az — y|l3,
Update pe+1 = e +n(Aze — ye).

end for

As we observed that the augmented Lagrangian method is equivalent to the proximal point algo-
rithm applied to the dual, we will check this for the composite optimization problem as well.

4.1 Proximal gradient applied to the dual

Let us apply the proximal gradient method to the dual of the composite problem. Throughout this
subsection, let us assume that f* is differentiable. Again, the dual is given by

minimize f*(—ATp) + g% ().
)



The proximal gradient method proceeds with

Ht41 = PTOX,)qx </~Lt + T]AVf*(—ATMt)>

since the gradient of h(pu) = f*(=A"p) is Vh(u) = —AV f*(—AT i1). Moreover, 2, = Vf*(—A" 1)
if and only if —AT s € 0f(2;) which is equivalent to x; € argmin, f(x)+ ;] Az. Hence, the update

rule is equivalent to
x € argmin f(z) + p, Az,
z
fie1 = ProxX, o« (e + nAzy) .
Furthermore, by the Moreau decomposition theorem, it follows that
41 = pe + nAzy — nproxg, (ue/n + Azy).

Here, y; = prox,/,(ut/n + Ax) if and only if

g/n

which is equivalent to

. Ui
ye € avgmin {g(y) + 1{ (Aze — y) + 2| Aze — |3}
Y

Therefore, the proximal gradient descent applied to the dual is given by the following pseudo-code.

Algorithm 5 Proximal gradient for composite problems

Initialize p.

fort=1,...,7T—1do
Obtain z; € argmin,, f(z) + u, Az,
Obtain y; € argmin, {g(y) + p/ (Az; —y) + || Az; — ylI3},
Update i1 = e +n(Axe — yy)-

end for
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