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1 Outline
In this lecture, we study

e Smooth approximation of nonsmooth functions,
e Smoothing-based optimization of nonsmooth functions,

e Fenchel conjugate and Moreau decomposition.

2 Smooth approximation

We say that a convex function f is (p, ¢)-smoothable if for any p > 0, there exists a convex function
fuu such that

1. fuis (p/p)-smooth, and

2. fulz) < f(z) < fulz) + qu for all .
Example 14.1 (¢; norm). Consider the Huber function given by

z, if |2 < g
L,(z) =42+ o (14.1)
|z| — &, otherwise

Note that

=

Lu(2) < 2] < Lu(2)

NN\

+
Moreover, L, is (1/p)-smooth. This implies that |- | is (1,1/2)-smoothable. Based on this, note

Figure 14.1: Huber function

that for z € RY, f,(z) = Zle L, (x;) is (1/p)-smooth and satisfies

d
ful@) < ||zl < fule) + 7“.

Hence, || - ||1 is (1, d/2)-smoothable.



Example 14.2 ({5 norm). For 2 € RY, take
ful@) =/llzl3 + p? = .

Ju(z) < lzll2 < fu(z) + p

Then for any p > 0, we have

Moreover, we have

T 1 1
Vir) = ——, V2fu(z) = I—- zx .
: V3 + 12 ! VIEE 122 ()3 + p2)3/?
Then
1 1

V2 fu(z) <

1< 1.
Vizlg+p> — w

Therefore, f, is (1/p)-smooth. This means that || - ||2 is (1, 1)-smoothable.

g(x) = |x2 fix) =\ IxI3 + 2 = with p=1

Figure 14.2: Smoothing of the ¢ norm

2.1 Smoothing Lipschitz functions

Suppose that f is a L-Lipschitz convex function for some L > 0. In this section, we argue that f
is (1, L?/2)-smoothable.

Given a function f : R? — R, the Moreau-Yosida smoothing of f is defined as

oo = { £ + o 13}

for some n > 0. We will prove that f, is (1/n)-smooth. To see that f, is a right approximation,
note that

fol@) < f(2) + %Hx = f(a).



Moreover,
. 1
o) = £(@) = int { ) = £ + 5l

. 1
> int { ol (u =) + 5 u -l

n
=)l

2.2 Smooth optimization of nonsmooth functions

Consider
minimize g(x) + h(z)

where g convex and (p,q)-smoothable while h is convex. To solve this, we take the following
procedure:

1. We first take the following approximate problem:
minimize g, (z) + h(x)
where g, is (p/p)-smooth and g, < g < g, + qp.
2. We apply Nesterov’s accelerated gradient descent to minimize g, + h.

Theorem 14.3. Let xp be the output of the algorithm after T — 1 iterations. Then

p

WHJUI —a:*H%.

g(ar) + h(ar) — min{g(z) + h(x)} < g+
Proof. Let z* be a minimizer of g + h. Applying Nesterov’s algorithm, we have
gulr) +h(er) = gu(e") = ha) < s ller =23
By the choice of g,,, we have
gu(wr) 2 g(zr) —qu,  gu(z”) < g(z7).
This implies that
gu(zr) + h(2r) — gu(2®) — h(z") > g(@r) — quu + h(zr) — g(2*) — h(z").

Hence, it follows that

as required. 0

Taking u = 1/T, we have
g(r) + h(zr) — min{g(z) + h(z)} = O/T),

which improves the convergnece rate O(1/v/T) of the subgradient method.
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3 Fenchel conjugate

The Fenchel conjugate of a function f : R* — R is given by

Fy) = sw {yTe- @)}

z€dom(f)
As y"x — f(x) is linear in y, the conjugate function is always convex, regardless of f.
Lemma 14.4 (Fenchel-Young inequality). For x € dom(f) and y € dom(f*),
fl@)+ " (y) >y e
Proof. Note that f*(y) = sup,cdom(s) (y'o— f(x)) >y Tz — f(x). O

3.1 Fenchel conjugate examples

Example 14.5. When f(z) = c¢'x +d over z € RY,

% —d, ify=c,
) = Sup(yTx—ch—d)Z{ Y

zeRd 400, otherwise.

Example 14.6. When f(z) = log(1 + €*) over z € R,

ylogy + (1 —y)log(l —y), if0<y<l,

f*(y) = sup (yz —log(1 +€*)) = €0, if y € {0,1},
ver 400, otherwise.

Example 14.7. When f(z) = (1/2)z"Qz + p'z over x € R? for some positive definite @,
1
f*(y) = sup <yTx - *fETQx - pTx) .
zeR 2

Note that the maximum is attained at x = Q~!(y — p). Therefore,

P =2 Q" v )
Here,
VW) =Q vy —p)
which implies that Vf(Vf*(y)) = y and
V) = (VH™ ).
Example 14.8. When f(z) = 2?21 z;logz; over x € RY

d

d d
f*(y) = sup (yTx—in logarz) = sup (Z i(Yi —logx¢)> => el
=1 =1

16R1+ CEERi+ i=1
Example 14.9. When f(X) = —logdet X over X € S¢

f (Y)= sup (tr(YTX) + log det X) .
Xesd

It is known that Vlogdet X = X ~!. Then the supremum is attained at X = —Y !, and therefore,
1Y) =—d—logdet(—Y).
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3.2 Some properties

The following statements hold.

o Let f(x1,22) = fi(x1) + fa(x2). Then f*(y1,y2) = fi(v1) + f3(y2)-
e Let g(x) = f(x) + c'z +d. Then g*(y) = f*(y — ¢) — d.
o Let g(z) = f(z —b). Then g*(y) = bTy + f*(y).

o Let f(z) = infujv—s {g(u) + h(v)}. Then f*(y) = g"(y) + 1" (y).
Lemma 14.10. For any closed function f : R — R, its Fenchel conjugate f* is closed and convex.

Proof. We have already observed that f* is convex. Let h, : RY — R for any = € dom(f) be defined
as hz(y) =y 'z — f(x). Note that

epi(hy) = {(3,8) R x R: ¢ > yTw — f(x)}
is closed. By definition, we have f*(y) = Supycqom(s){h=(y)}, implying in turn that
epi(f*) = ﬂ epi(hy).
z€dom(f)

As the intersection of arbitrarily many closed sets is closed, epi(f*) is closed, and therefore, f* is
closed. O

Lemma 14.11. For any function f : R* — R, we have f** < f.
Proof. Let x € dom(f) Note that if x — z 75 0, then sup,cpa {y x—2z)+ f(z } +oo. If z = =z,
we have sup,cpa {y x—2z)+ f(z } f(x). Therefore,

f(z)= inf sup {yT(az—z) +f(z)}.

z€dom(f) yERd

Note that
inf su T@=2)+ f(2)} > su inf e —2)+ f(z
zedommyeﬂ@{y (z—2)+ [(2)} y@@zedmm{y (z—2)+ f()}
T . T
= su x4+ inf —y' z+ f(z }
ye]é)d {y zedom(f){ Y f( )}
= sup {yTx— sup {yTz—f(Z)}}
yeR z€dom(f)
T *
= sup 1y = — f*(y)
yeR4 { }
> sup {nyv— f*(y)}
yEdom(f*)
Therefore, f(z) > f**(z) for any = € dom(f), and thus f > f**. O



When f is closed and convex, the equality holds, i.e., f** = f. To show this, we need the following
theorem.

Theorem 14.12 (Strict point-to-convex set separation). Let C C R? be a closed conver set and
y & C. Then infyec ||z — y|| > 0. Furthermore, there exists o € R? and 8 € R such that

a'z>p Vred,
aTy<B.

Lemma 14.13. For a closed convex function f : R — R, we have f** = f.

Proof. Next, assume that f is closed and convex. We will show that epi(f) = epi(f**). As f > f**,
we already know that epi(f) C epi(f**). Suppose for a contradiction that there exists & such that
(z, f**(z)) ¢ epi(f). Then, by Theorem 14.12, there exists o € R%, v € R, and § € R such that

o'z +~t>p8 Y(z,t) € epi(f),
a'Z+yf*(z) < B.

Let 6 = 8 — (a'z +~f**(2)) > 0. Then for any (z,t) € epi(f),
(aTx +7t) — (an + vf**(i)) > 6 - (ozTJE +’yf**(§:)> =6>0.

Here, t can be arbitrarily large with (x,t) € epi(f), so v > 0. Suppose that v = 0. Let € be a
sufficiently small number and g € dom(f*). Now consider

((a —ep)Ta+ et) - ((a —ey) 7+ ef**(g:«)) So—e@r—t+7 T+ f3T)).

inf { ((a—ep)Tatet) = ((a—ep) a+ef*@)}

(x,t)ecepi(f
inf 5 — r—t+y T+ f(z
L ey’ gl a4+ ))}
> inf §— y x— f(x) + gz + f**(f))}
xedom (f)

=6 —e(f* (7)) —g T+ (@)

Making e sufficiently small, we have

Lot { ((a —eg)Tz+ et) — ((a )zt e f**(gz))} 0.

Therefore, we have just argued that there exists a € R, v € R, and 6 > 0 such that v > 0 and
inf {(aTx—i—'yt) — (aTi—i—'yf**(a_c))} >4§>0.
(z,t)€epi(f)

Then

Lont {la/)T(@=2)+t— @)} = 8/v >0,



Note that

inf {(o/n) @-)+t— 7@} = it {(@/n) (@-2)+fx) - @)}

(z,t)€epi(f) zedom(f)

= (~a/y) Tz =@~ sw {(~a/7) e~ 1)}

zedom(f)

= (—a/y) Tz - (@) - [ (—a/y)
T _

where the inequality follows from the Fenchel-Young inequality. O
3.3 Moreau decomposition

Remember that for a quadratic function with a positive definite matrix given by

fa) = 5o Qu 4y,

we have Vf*(y) = (Vf)~1(y). This is implies that if y = Vf(x), then x = Vf*(y). In general, the
subdifferential of the conjugate is the inverse of the subdifferential.

Theorem 14.14. Let f : R* — R be a closed and convex function. Then the following statements
are equivalent.

(i) y € 0f(v),
(it) x € Of(y),
(iii) y'x = f(z) + f*(y)-
Proof. Assume that y € 0f(z). Then Z € dom(f) and 0 € —y + 9f(Z). Consider

)= swp Fla—f@)=— inf (=g a+f(2)).
z€dom(f) zedom(f)

Since 0 € —y + 9f(Z), & is the minimizer, and therefore,
@) =-(-g'z+f@)=9"2 - f(2).

Hence, y € dom(f*). Again, the definition of f*(y) implies that for any y € dom(f*),
Py zy'z—f@)=y-9'z+ @

Therefore, Z is a subgradient of f* at g, and thus z € df*(y). Hence, we have just proved the
direction (i) — (¢it) — (i7). Since f is closed and convex, f* is closed and convex and f = f**.
Then, by symmetry, we can also argue that (i) — (iii) — (¢). Therefore, (i), (ii), and (éii) are all
equivalent. ]

Using the theorem, we can show the following result.
Theorem 14.15 (Moreau decomposition). Let f : R? = R be a closed convex function. Then

T = prox () + prox s« ().
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Proof. Let u = prox(z), then x —u € 9f(u). This implies that u € 0f*(z — u). Let v = x — w.
Then we have z — v € df*(v), implying in turn that v = prox;.(z). Therefore,

prox;(z) + proxsm(r) =u+v=u+2x —u =1,
as required. O

Example 14.16. Let V C R? be a linear subspace, and let f = I;y : R — R be the indicator
function of U. Note that

f*(y) = sup,ey {nyC} = Iy.(y).
Then

1 .
prox; () = argmin {Iv<u> + xu%} — projy (x),
uERd 2

and

: 1 .
Prox s« () = argerﬂlgdm {IvJ_ (u) + §||u - $||%} = projy . (x).
u

Therefore, the Moreau decomposition theorem states that

x = projy () + projy. (z).
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