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Mathematical and Numerical Optimization Assignment 2 Due 25th May 2026

1. In this question we prove the convergence of the primal-dual subgradient method for saddle point problems.
Let ϕ : Rd × Rm → R be a function such that ϕ(x, y) for any fixed y ∈ Rm is convex in x and ϕ(x, y) for
any fixed x ∈ Rd is concave in x. Recall that the primal-dual subgradient method proceeds as follows.

• Choose x1 ∈ X and y1 ∈ Y .

• For t = 1, 2, 3, . . . , T − 1:

– Select gx,t ∈ ∂xϕ(xt, yt), gy,t ∈ ∂yϕ(xt, yt), and step size ηt > 0.

– Compute xt+1 = projX{xt − ηtgx,t} and yt+1 = projY {yt + ηtgy,t}.

Assume that X and Y are convex.

(a) (10 points) Show that for any (x̄, ȳ) ∈ X × Y , gx ∈ ∂xϕ(x̄, ȳ), and gy ∈ ∂yϕ(x̄, ȳ),

ϕ(x̄, y)− ϕ(x, ȳ) ≤ −g⊤x (x− x̄) + g⊤y (y − ȳ) ∀(x, y) ∈ X × Y.

(b) (30 points) Let x̄T and ȳT be defined as

x̄T =

(
T∑

t=1

ηt

)−1 T∑
t=1

ηtxt, ȳT =

(
T∑

t=1

ηt

)−1 T∑
t=1

ηtyt.

Show that for any (x, y) ∈ X × Y ,

ϕ(x̄T , y)− ϕ(x, ȳT ) ≤
1

2
∑T

t=1 ηt

(
∥(x1, y1)− (x, y)∥22 +

T∑
t=1

η2t ∥(gx,t, gy,t)∥22

)
.

2. (20 points) Let f : Rd → R be a closed convex function. Using the fact that

x = proxf (x) + proxf∗(x),

show that for any λ > 0,
x = proxλf (x) + λprox(1/λ)f∗(x/λ).

3. (20 points) Let h : Rd → R be a closed convex function. Show that for any x, y ∈ Rd and η > 0,

∥proxηh(x)− proxηh(y)∥2 ≤ ∥x− y∥2.

4. (20 points) Let f : Rd → R be given by f = g+h where g : Rd → R is a smooth convex function and h : Rd

is closed and convex. Show that for any η > 0, x∗ ∈ argminx∈Rd f(x) if and only if

x∗ = (I + η∂h)−1(I − η∇g)(x∗).
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