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1 Outline

In this lecture, we study

e proximal gradient descent,
e LASSO and FISTA,

e proximal point algorithm.

2 Proximal Gradient Descent
Let us consider the following composite convex optimization problem.

min  f(z) = g(a) + h(a)

where we assume that g is a smooth convex function and h is convex. When h is given by the
indicator function of a convex domain X', the problem reduces to constrained smooth convex opti-
mization. We also saw that the LASSO formulation can be viewed as an instance of the composite
problem. In this section, we will learn and analyze the proximal gradient descent algorithm for
solving the compositie optimization problem.

2.1 Proximal Operator

Recall that given a convex function h : R? — R and n > 0, the proximal operator of h with
parameter 7 is defined as

, 1

prox,,(z) = argmin {nh(u) + |z — uH%} .
u€R? 2

Let us prove the following useful lemma to understand the proximal operator.

Lemma 6.1. u = prox,; (v) if and only if * — u € nOh(u).

Proof. Note that u = prox, (r) means that v minimizes h(u) + (1/2n)[ju — z|3. By the optimality
condition, it is equivalent to 0 € Oh(u)+{(1/n)(u — )}, and this is equivalent to x—u € noh(u). O

We saw that the proximal operator for the indicator function of a convex set is the associated
projector operator. We also consider the following two examples.

Example 6.2. Consider h(z) = ||z|/1. Then
. 1 2
prox,,(a) = argmin  [lully + o~ flu —zfz -
u€Rd n
Let u = prox,;(x). Then, by Lemma 6.1,
x —u € nol|ul.
1



Recall that g € J||ul; if and only if
) sign(u;), if u; # 0,
9=\ avalue in [=1,1], if u; = 0.
Based on this, we can argue that * — u € nd||ul|; if and only if
xy—n, if x>,
u; = {0, if —n<a; <.
z +n, ifx;<-—n.
Moreover, x — u € nd||ul; if and only if
u; = max{0, |z;| — n} - sign(z;).

For example,
proxh((B,l,——Q)T> ::(2707__1)T'

Note that when h = ||z||1, the corresponding proximal operator “shrinks” the vector. For this
reason, the operator is called the self-thresholding operator or the shrinkage operator.

Example 6.3. Consider h(x) = (1/2)a" Az + b" 2 + ¢ where A is positive semidefinite. Then
1 1
prox,; (r) = argmin {uTAu +0 u+c+ —|lu— 1:||§} .
u€eRd 2 21

Setting v = prox,,(z), it follows from the optimality condition that
1
0=Av+b+ —(v—ux).
n

Therefore,
prox,,(z) = v = (I +nA) " (z - nb).

2.2 Analysis of Proximal Gradient Descent

The proximal gradient algorithm applies to this composite problem proceeds with the following
update rule.

Tep1 = proxyy, (z — nVg(x)).

When f is smooth with parameter 3, we set the step size n = 1/ is in the smooth convex
minimization setting. Proximal Gradient Descent applied to LASSO is referred to as Iterative

Algorithm 1 Proximal Gradient Descent

Initialize z; € R%.
fort=1,...,7 do
Update zt11 = prox,,(z: — (1/8)Vg(xt)) where 3 is the smoothness parameter of g.
end for
Return x7p.

Shrinkage-Thresholding Algorithm (ISTA). In this section, we will prove convergence of proximal
gradient descent.



The gradient mapping is defined as

Gy(2) = =~ (& = prosy, (o = 1¥9(2))).

Here, —nGy(z) is equal to prox,,(r — nVg(x)) — z, which is the difference between the current
point x and the one obtained after the proximal gradient update applied to . Then

Tip1 = ¢ — NGy(ay).

Note that when h is the indicator function of R?, the gradient mapping is simply Vg(z). Hence,
the gradient mapping operator is similar in spirit to the gradient operator. In fact, we can derive
the following optimality condition in terms of the gradient mapping.

Lemma 6.4. G, (2) = 0 if and only if & € argmingcra g(x) + h(z).
Proof. By the optimality condition, £ minimizes g + A if and only if
0€{Vg(@)}+0h(z) <+ —Vg(&)e dh(z)

<  (z—nVyg(z)) — = € nOh(z)
& &= prox,,(E — V()

Note that & = prox,,, (2 —nVg(Z)) is equivalent to

Gy(#) =~ (& = prox (& = 7Vg(a))) =0

Therefore, & is a minimizer of g + h if and only if G, (&) = 0. O
To analyze the convergence of proximal gradient descent, we need the following lemma.

Lemma 6.5. Consider f = g+ h where g is 5-smooth and «a-strongly convex in the o norm and
h is convex. Assume that 5 >0 and a > 0. Then for any z, z,

f (x - ;Gl/ﬁ(x)> < F(2) + Guypla) (x— 2) 21ﬂHG1/B(x)H% — Sl — =13

Proof. As f = g+ h, we upper bound g and h separately, thereby bounding f. Note that

g <a: - ;Gl/ﬁ(x)> < g(z) + Vg(z)" ((:c _ ;Gl/ﬁ(x)> _ x) + g H <m _ ;Gw(:ﬁo —x2

= g(z) - ;w@fcl/ﬁm + 215 |G /5()]

< 9(2) = Val@) (= = 2) = llz =l = 5 V9(0) G1yale) + 55 [Guys(a)];
(6.1)

2

where the first inequality is due to the S-smoothness of ¢ and the second inequality is due to the
a-strong convexity of g.

Next we consider the h part. Note that
1

BGl/B(m)

u = prox /pn(z — (1/8)Vg(z)) = = —
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if and only if

1 1 1 1
x—=Vg(x)) —z—=G(x) | € =0h|x—=Gy/5(x) ).
( 5Vl )> < ER )) E < ER >>
Multiplying each side by f, it is equivalent to

G1s(x) — Vg(x) € 0h (:1: - ;Gl/ﬁ(az)> |

Then it follows from the convexity of h that

Bz — 261 a)) < hiz) - (Cusle) — V@) (2= (2-2Gs@))).  (62)
) (= (-3

Combining (6.1) and (6.2), we get

f <x - ;Gl/ﬁ(x)) < f(2) = Gyp(a) (=~ x) — 215HG1/,8($>”§ — 5 lle I3

as required. O

One would find that Lemma 6.5 is analogous to the lemma stating that the gradient descent with
step size 1/ always improves for a f-smooth function. In fact, plugging in z = z, we obtain

1 1
f <x - 501/5@:)) < J@) = 55Gys@IB (6.3)

The next step we took for smooth functions was to use f(x) < f(z*) — Vf(x)" (2* — 2). However,
as Vf(z) # G1/3(x), we cannot directly use (6.3). Instead, we start from Lemma 6.5 by plugging
in z=2x* and x = x4. Then

1
fl@is1) < f(a) + Grypla) " (- 2%) - %HGw(xt)H% - %Hﬂﬂt — 2|3

2 «
= 5 llze — 27|13
2) 2

/8 2 (67
= @)+ 5 (o = 2" 13 = laees = 2*13) = Sllwe — 213

This implies that

1
Tt — CL'* — BGI/'B(xt)

* ﬁ * *112 o *
Flaesn) = 1) < 2 (o = "1 = s — 2*13) = koo — 2. (6.4)
We can prove the following convergence result for Proximal Gradient Descent.

Theorem 6.6. Let f = g+ h where g is a B-smooth convex function in the 2 norm and h is
convex. Then x4y returned by Proximal Gradient Descent (Algorithm 1) satisfies

_ Ble— a1

flora) - 7)) < A0
Proof. First, sum up (6.4) for t = 1,...,7T and then divide each side by T'. Then we obtain

T T
1 * 6 * *12 « *
=3 faen) = f@) < 5 (llor =213 = oz —2*13) = 5 D lloe — 2713
t=1 t=1

By (6.3), we know that f(zr41) < f(xr) < --- < f(x2). Moreover, |z; — x*||]2 > 0. Thus

the left-hand side is greater than or equal to f(z74+1) — f(z*) and the right-hand side is at most
(B/2) a1 — 2*|3- -



Note that this recovers the convergence result for gradient descent for smooth functions by consid-
ering the case h = 0.

2.3 Proximal Gradient Descent with Momentum

In the last lecture, we explained to idea of momentum, which leads to a faster rate of convergence
for gradient descent. In fact, the technique extends to proximal gradient descent.

Recall that the idea of momentum incorporates the direction x; — x;_1 that we took when moving
from x;_1 to z; to obtain the next iterate x4y1. Let v > 0 be a weight, and

Yt = o + YT — 241).
Then we apply the primal gradient descent update on y; to obtain the next point z;11, as follows.

1
Tyl = ProXp /g <yt - ﬁVQ(yt)> :

Algorithm 2 summarizes the accelerated version of proximal gradient descent.

Algorithm 2 Accelerated Proximal Gradient Descent

Initialize 71 € R%.

Set xg = x1.

fort=1,...,7 do
Yyt = ¢ + ye(xy — 24—1) for some v > 0.
Tti1 = ProxXy g (Z/t - %Vg(yt)) :

end for

Return z74.

To provide a convergence result of the accelerated proximal gradient descent method, we need the
following lemma.

Lemma 6.7. Let u,v € R%. Then for all z € R?,

;(proxnh(w) — )" (2 — prox,(z)) + h(2) = h(prox,,(z)).

Proof. Note that

. 1
prox,,(z) = argmin {h(z) + Q—Hx - zH%} .
z€R? n

By the optimality condition, it follows that for some g € dh(prox,,(z)), for any z € R

1 T
(9 + " (prox,, (=) — x)) (2 — prox,,(x)) > 0.
This implies that

;(proxnh(a:) — x)T(z — proxnh(x)) + gT(z — proxnh(x)) > 0.

Here, since h is convex, we have
h(z) = h(prox,;,(z)) +g' (z — prox,,(z)).
Adding the two inequalities, we prove the desired bound of this lemma. O
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Theorem 6.8. Let f = g+ h where g is a S-smooth convexr function in the fo norm and h is
convex. We set n and vy as

1 -2
”7 - /8’ ’Yt - t + 1 .
Then xp4q returned by Accelerated Proximal Gradient Descent (Algorithm 2) satisfies
26

f(xry1) — f(2¥) <

m”ﬂfl —90*”%

where x* is an optimal solution to min,cga f(x).

Proof. Note that Algorithm 2 is equivalent to

yr = (1= A)ae + Moy

1
Tiy1 = ProXp /g (Z/t - /BVQ(%))

Vi1 = Xt + /\*(xtﬂ — )
t

where
2

Ay = .
T

This is because y; = x; + A\¢(vy — x¢) and

1 1 (1 — A
/\t(vt — .’L't) = )\t — 1 Tt + 1-— Tt—1 = 7]5( ! 1) ($t — IEt_l) = "}/t(.fCt — .’L’t_l).
)\t—l >\t—1 >\t—l

Moreover, we have \; = 1, and for ¢t > 2,

-\ 1
< —.
AT AR

First, as g is S-smooth,

B
9(@es1) < 9w + Vo) ' (w1 = ) + Sz — mll3.

Next, Lemma 6.7 implies that for any z € R?,

-
h(zi1) < h(2) + 8 ($t+1 — Y+ ;Vg(yt)> (2 — x441)

= h(2) + Vg(y) (2 — 2e41) + B (41 — ) (2 — ze31).

Adding these two inequalities, we deduce that
g
Fin) < h(z) + gly) + Vo) (= = 90 + B (@i =9 (2 = zen) + 5 e — w3
T B 9
< f2) 4+ B (@ =) (2= 2eg1) + Sllzern — yell2
where the second inequality follows from convexity of g. By setting z = «* and z = x¢, we have
* T/ % /6 2
Flae) = f@7) < Bzer1 —ye) (@7 = @e41) + Sllzers — wella
T B 2
Flerr) = flae) < B —ye) (2 = 2en) + S lleees — wellz-
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Summing up the first inequality multiplied by A; and the second one multiplied by (1 — \;), we get

f(@ep1) = f(27) = (1= M) (f(ze) — f(27))

< B (w1 — ) ™ + (1= A)ag — 2e1) + §||33t+1 — i3

= é(ﬂfzt+1 — ) T (2N +2(1 — A\ — Te1 — i)

2

= Dl (1= M= A = 2 e — (1= M — A
B L 8% :

= 22— 213~ D o — a3

This implies that

32 (@) = F@) + Gl =25 < 37 (Fae) = F@@) + 5o — 27
t t
1 * *
< (@) = 1) + Dl — a3
t—1
1 X *
< 5o (fe2) = F@) + Gllee — 273
1
1-A . N
< g () = @) + Gl — 273
1
= Ol — 213
= Zlar — 2" 13
Therefore, it follows that
o < B¥ . 28 .
f@ryr) — f(2") < TTHﬂUl —a*|5 = m”fﬁl — 2*|3,
as required. 0

Hence, the convergence rate is O(1/T?), which matches the oracle lower bound. The number of
required iterations to bound the error by e is O(1/+/e).

3 LASSO and FISTA

In this section, we consider linear regression. We assume that the relationship between the vector
x € R? of features and the response variable y € R is modeled using a linear equation given by

-
Yy = etruex +e€
where:

e Oirue € R? is the coefficient vector,

e ¢ € R is the noise term representing unexplained variation.
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We infer the true coefficient vector 64 using the method of least squares, which minimizes the
average of squared differences between the observed and predicted values of y. Namely, given a set
of n data (z1,91),...,(Tn,Yn), we solve

n

1 2 1
n - -y ) = min -~V — X0 6.5
w03 (vi— 0" min | I3 (6.5)

Here, Y denotes the vector whose components are yi, ..., y,, and X denotes the matrix whose rows
are .TI, cee xl Note that

1 1 2 1

fO) ==Yy —X0|3=-"0"X"X0- "Y' X0+ -Y'"Y.
n n n n

Since X ' X is positive semidefinite, it follows that the MSE loss f(f) is convex.
Recall the formulation of LASSO, given by

1
in  —|y— X602+ \6].
min nHy 15+ AllO]]1

Here, the objective function is non-differentiable because of the ¢;-regularization term A||6||;, and
therefore, it is non-smooth. On the other hand, the objective is convex, and we have a character-
ization of the subdifferential of ||#]|1, so we can simply apply the subgradient method. To bound
the additive error by e, the subgradient method requires O(1/€?) iterations.

As discussed in the last lecture, we know that the first part is smooth, and the other part is
something whose subdifferential is well understood. Hence, we may apply proximal gradient descent
with h(0) = A||0||1 whose associated prox operator is given by

prox,y ., (0) = | max {0, [0;| — nA} -sign(6;)

shirinkage operator i€ld]

The proximal gradient algorithm applies to this composite problem proceeds with the following
update rule.
9t+1 = prOth(et - an(Ht))

Proximal Gradient Descent applied to LASSO is referred to as Iterative Shrinkage-Thresholding
Algorithm (ISTA).

4 Proximal point algorithm

Remember that the proximal gradient method works for the following composite minimization
problem.
minimize f(x) = g(x) + h(x).

The proximal gradient method proceeds with the update rule
Ti41 = PI“Oth(xt —nVy(z)).

In this section, we discuss the proximal point method, which is a special case of proximal gradient,
and its application to the dual problem. Note that minimizing a closed convex function f can be
written as a (trivial) composite minimization as follows.

minimize f(z) =0+ f(z).
8



Here, the first part is g = 0, which is trivially smooth, and the second part is h = f. Then the
corresponding proximal gradient update is given by

Tpr1 = Prox, ¢(z¢).

The algorithm with this update rule is referred to as the proximal point method. As g = 0 is
smooth, the proximal point algorithm converges with a rate of O(1/T).

Algorithm 3 Proximal point algorithm

Initialize ;.
fort=1,...,7 do
Update z441 = proxnf(xt).
end for
Return zp;.

Theoretically, we can use any function h; to run the proximal point algorithm, even if the objective
is not h, in which case, the update rule corresponds to

Tt+1 = ProxX,y, (¢).

Hence, at each time step ¢, we may use a different function h; hypothetically. Let us consider the
first-order approximation of the objective function f at x = x3.

he(z) = f(xe) + V() (x — z).

We know that f(z) > h(z) for all by convexity. Then what is the proximal point update with
h:? Note that

prosy, (o) = arguin { 1(20) + V1) (= 2) + o Ju =l

=y — nV f(z1).

Therefore, the proximal point algorithm with the first-order approximation of f is precisely gradient
descent. Hence, one can interpret gradient descent as an instance of the proximal point algorithm.

Let us now compare the proximal point algorithm with the objective f and gradient descent.
Lemma 6.9. prox,(z) = (I +7ndf) ().

Proof. Let u = prox, ;(x). Remember that u = prox, ;(z) if and only if x —u € ndf(u). Note that
r —u € ndf(u) is equvialent to x € (I + ndf)(u), which is equivalent to u € (I +7df) " (z). In
summary,

u = prox,¢(z) < u€ (I +ndf) ! (x).

Since u is unique, it follows that u = (I +ndf)~!(z). O
By this lemma, the proximal point update rule can be written as
Tyy1 = prox, ¢(z) = (I + nof) ().
This is equivalent to zy = (I + ndf)(zi+1) = xe41 +nV f(x441), which is
Tep1 = 20 — NV f(T41).

In contrast to gradient descent that proceeds with z11 = x4 — nV f(x¢), we use the gradient at
Ti4+1-
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