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1 Outline
In this lecture, we study
e conic duality,
e optimality conditions,

e gradient descent and analysis.

2 Conic duality

In the last lecture, we learned that a conic program is an optimization problem defined with a
pointed and closed convex cone K with a nonempty interior:

minimize ¢z

. (CP)
subject to Az —be K.
When K = R", (CP) reduces to linear program
minimize ¢’z
. (LP)
subject to Ax > b.
We saw that the dual of the linear program (LP) is given by
maximize b'y
subject to ATy =c (dual-LP)

y > 0.

Let us see how to derive the dual! Note that for any y > 0 (or y € R"}) and system Az > b, we
have y ' (Az — b) > 0 because y > 0 and Az — b > 0. Then it follows that

yT Az >y'b.
If y further satisfies
Aly=c,
then we have
yl"Az=c'z>y"b=0b"y.

In summary, if we take x € R? satisfying Az > b and y € R™ with y > 0 and ATy = ¢, then
¢z is always lower bounded by b"y. Then we can try to find the best possible lower bound by
maximizing the value of b"y, which is precisely what (dual-LP) does!

Following the basic idea behind obtaining the dual linear program, we may obtain and define the
dual of the conic program (CP). The dual cone of K C R" is defined as

K*:{yeR": y' x>0 Va:eK}.

The dual cone of the nonnegative orthant Ri is ]R‘i itself.
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Example 4.1. The dual cone of the positive semidefinite cone Si is given by
d d
X e RdXd : tr(XTS) = ZZXUSU >0 VS e Si
i=1 j=1

In fact, the positive semidefinite cone Si is self-dual, meaning that its dual cone is itself.

Theorem 4.2 (See Theorem 2.3.1 in [BTNO1]). Let K be a pointed and closed convex cone with
nonempty interior. Then its dual cone K* is also a pointed and closed convexr cone with nonempty
interior. Moreover, (K*)* = K.

Let us see how to derive and define the dual of the conic program!
(1) Take z such that Az —b € K and y € K*. Then y' (Az — b) > 0, and therefore,
y' Az >y 'b.
(2) If y € K* further satisfies ATy = ¢, then

o=y Az >yTb=0b"y.

(3) Then
maximize b'y
subject to ATy =c (dual-CP)
ye K*

provides a lower bound on the value of (CP). Here, (dual-CP) is the dual conic program
of (CP).

Taking the dual of a maximization problem is similar; the dual will give an upper bound on the
problem.

Example 4.3. We consider the following semidefinite program.

m
maximize Z beye
(=1

m
subject to ZygAg <C
/=1

To obtain its dual, we take a positive semidefinite matrix X. As the positive semidefinite cone S‘fr
is self-dual, it follows that

tr (XT (C - iW/M)) =tr(CTX) — iyg tr((Ag) T X) > 0.

/=1 /=1

If X satisfies
tl"((Ag)TX) =b, forl=1,...,m,
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then .
tr(CTX) > Zye tr((Ag) " X) = Zbeye
=1

This means that
minimize tr(C'T X)
subject to  tr((Ay) ' X)=0b, forf=1,...,m
X >0

provides an upper bound on the first semidefinite program.

We have shown that the value of the conic program (CP) is lower bounded by the value of its dual,
given by (dual-CP). What is striking is that the two values coincide under some conditions! For
the case of linear programming, this is known as the strong LP duality theorem. To be precise,
the value of (LP) and that of (dual-LP) are the same if (LP) is feasible and bounded. It turns out
that we may extend this strong duality result to general conic programs.

We have already observed that the weak duality for LP extends to conic programming. Formally,
Theorem 4.4. The optimal value of (dual-CP) is a lower bound on that of (CP).

Before we state the strong duality theorem for conic programming, we need to define the notion of
strict feasibility.

Definition 4.5. We say that a solution x is strictly feasible to (CP) if Az —b belongs to the interior
of K. When that is the case, we write it as

Ar —b > 0 or Ax >k 0.
Moreover, we say that (CP) is strictly feasible if it has a strictly feasible solution.
For example, x is strictly feasible to (LP) if Ax > b. Now we are ready to state the following
duality result.
Theorem 4.6 (See Theorem 2.4.1 in [BTNO1]). The following statements hold for (CP) and (dual-CP).
1. If
of (C
2. If
of

We will learn the notion of Lagrangian duality later in the course, and the strict feasibility condition
is analogous to the Slater condition.

CP) is strictly feasible and bounded, then (dual-CP) is solvable and the optimal values
P) and (dual-CP) are the same.

dual-CP) s strictly feasible and bounded, then (CP) is solvable and the optimal values
CP) and (dual-CP) are the same.

— /\/‘\

3 Second-order cone programming

A second-order cone program (SOCP) is an optimization problem of the following form:

minimize 'z
subject to  ||Agz 4 billo < ¢z +d; fori=1,...,m, (SOCP)
Exr =g.
Exercise 4.7. Prove that (SOCP) is a conic program.
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3.1 Example: chance-constrained linear programming

We consider a chance-constrained program (CCP) given as follows.

minimize ¢z
. (CCP)
subject to P(a me)Zl—e

where the constraint vector a is random. The problem is to find a solution x satisfying the constraint
a'x < b with probability at least 1 — e. For example, we can formulate the portfolio optimization
as (CCP).

minimize pT:U
subject to P <’I“Tl‘ > 14+ a) >1—c¢,

1Tz =1

where p; is the unit price of financial asset i € [d], and 7; is the random return of asset i € [d]. The
goal of the problem is to find a portfolio x whose return is at least 1 + o with probability at least
1 — € while minimizing the unit price of the portfolio.

When the coefficient vector a in (CCP) follows the multivariate Gaussian distribution with mean
a and covariance ¥, we can reformulate it as a second-order cone program. Let v = a'2. Then u
is a random variable with mean @ = @' and variance o2 = z' Xz. Then P (aTx < b) >1—€can

be rewritten as - b
P(“_ug _“>21—6 (4.1)
o o

Here,

follows the Gaussian distribution with mean 0 and variance 1 whose cumulative distribution function

is given by @, i.e.
1 # 2
d(z —/ e V24,
(2) N

@(b“>31—e
g

b—u b—a'x
— >d 11 —¢).
o Sz — (1=

Then (4.1) is equivalent to

and therefore is equivalent to

Hence, (CCP) can be equivalently written as
minimize ¢’z

subject to @'z + ® (1 — )| 2z|y <b.



4 Optimality Conditions for Convex Minimization

4.1 Local Optimality Implies Global Optimality

A feasible solution z* is locally optimal to the optimization problem

minimize f(x)

subject to z € C
if there exists R > 0 such that
f(@) =min{f(z): z€C, [v—2"| < R}.
Theorem 4.8. Any locally optimal solution to a convex optimization problem is (globally) optimal.

Proof. Suppose for a contradiction that a locally optimal solution z* to a convex optimization
problem min,ec f(z) is not globally optimal. Then there exists y € C such that f(y) < f(z*). By
the local optimality of z*, there exists R > 0 such that f(z*) = min{f(z):z € C, ||z —z*|| < R},
which implies that ||y — z*|| > R. Let z be defined as

smt byt = (1 ety
ly — 2|l ly — 2|l ly — 2|l

Since z is a convex combination of z* and y, it follows that z € C and

1o < et (1= ) £ < 1)

ly — x|

However, we have ||z — 2| = R, contradicting the assumption that f(z*) = min{f(x) : = €
C, ||lx —z*|| < R}. O

For nonconvex problems, a locally optimal solution is not necessarily an optimal solution, illustrated
in Figure 4.1.

Figure 4.1: Local optimal solution that is not optimal

4.2 First-Order Optimality Condition

Next we establish an optimality condition for convex optimization problems with a differentiable
objective.

Theorem 4.9. For a convex optimization problem of the form (P) with f differentiable, x* € C' is
an optimal solution if and only if

Vi) (x—2*)>0 forallzecC.
)



Figure 4.2 describes the optimality conditions for functions from R? to R. Basically, a solution z*
is optimal if we cannot move further from z* in C' in the direction of decreasing f. If V f(z*) = 0,
then z* is optimal.

Figure 4.2: Optimality of bi-variate convex functions

By Theorem 4.9, a sufficient condition for optimality is that Vf(z*) = 0. This, in fact, is a
necessary and sufficient condition for the unconstrained case.

Theorem 4.10. z* € R? is optimal to min,cga f(x) if and only if
Vf(x*)=0.

Proof. (<) If Vf(z*) = 0, then it trivially holds that V f(z*)T (z — 2*) > 0 for z € R%. Then z* is
optimal due to Theorem 4.9.

(=) Let z = a2 — aV f(z*). Then by Theorem 4.9, we have
V@) (@ — ) = —al|Vf(a*)]3 > 0.
This in turn implies that |V f(z*)|]2 = 0 and thus V f(z*) = 0. O

Figure 4.3 describes the optimality conditions for functions from R to R.

Figure 4.3: Optimality of univariate convex functions

5 Introduction to Gradient Descent

5.1 Generic Descent Method

Let f: RY — R be a function. Given a point x € R?, we say that a nonzero vector d € R%\ {0} is
a descent direction of f at x if there exists some € > 0 such that

flz+nd) < f(x)
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Figure 4.4: Illustration of descent directions

for any 0 < n <e.

Hence, moving towards a descent direction d can decrease the function value, but how much we
move along the direction, captured by 7, is important. Here, 7 is referred to as a step size or as
a learning rate. Based on descent directions and proper step sizes, we may develop the following
algorithm for minimizing a function.

Algorithm 1 Generic descent method

Initialize 1 € dom(f).
fort=1,...,7 do

Fetch a descent direction d;.

Trr1 = o + nedy for a step size n; > 0.
end for




Whether the descent method, given by Algorithm 1, converges or not depends on how we choose

the step sizes ny for t > 1.

Figure 4.5: Different sequences of step sizes and convergence behavior

We characterize descent directions in terms of the gradient. If f is differentiable, we have

iy { @+ nd) = ()

_ g7
Jim . =d"Vf() (4.2)

as the limit exists. Then V f(z) " d measures the rate of change in f along direction d at z. Moreover,
the following lemma directly follows from (4.2) that holds for differentiable functions.

Lemma 4.11. Let f : RY — R be a differentiable function. Then a nonzero vector d € RY\ {0} is
a descent direction if

Vf(x)'d<o.

For example, —V f(z) is a descent direction at any x.
5.2 Gradient Descent
The steepest direction of a differentiable function f at a point x can be defined as

1
~ T
arg min {Vf(x) d: ||d||2= 1} = {—Vf(:v)} .

IVf(@)ll2
Basically, the steepest direction, which is the direction opposite to the gradient, is the one with
the highest rate of decrease of f at x. Then using —V f for a descent direction at any point of the
descent method, we obtain the following algorithm, which is commonly known as gradient descent.

Algorithm 2 Gradient descent
Initialize 1 € dom(f).
fort=1,...,7 do
xe41 = x¢ — NV f(xy) for a step size 1, > 0.
end for

5.3 Taylor approximation interpretation

Given a differentiable function f : R — R and a point z; € dom(f), the first-order Taylor
approximation of f at x; is given by

f(@) = f(ae) + V() (@ — ).
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If f is convex, then by the first-order characterization of convexity, we know that the first-order
Taylor approximation is a lower bound on f. Moreover, as it provides an approximation of f, we
can try to minimize f(z) ~ f(z;) + Vf(2;) " (x — ;) instead of f. However, the first-order Taylor
approximation is a linear function, which means that

min {f(:nt) + V() (2 — :ct)} — 0.

Instead of minimizing the first-order Taylor approximation directly, we add a proximity term as
follows.

2m

proximity term

F() ~ fe) + V)T (@ - 2) + [z — 23
—_———

When minimizing the second approximation, we cannot choose a solution that is too far from x;,
for otherwise, the corresponding value will be high due to the proximity term. Again, we minimize
the approximation instead of f and take a unique minimizer z;; as follows.

. 1
i € argunin {1 (21) + 9100 (@ = ) + 5o — a3}
T t
This gives us an iterative algorithm for minimizing f. Again, the proximity term prevents the
solution from being too far away from the initial point x;. The larger 7, is, the closer the solution
Zty1 18 to the starting point x;. In fact, there is a closed-form expression for z;1;. Recall that
the approximation with the proximity term is differentiable, and therefore, it follows from the

optimality condition that
1
Vf(.'ll‘t) + T7<xt+1 - Jit) =0.
t
This is equivalent to
Tip1 =2 — eV f (),

which is precisely the gradient descent iteration.

6 Convergence of gradient descent

6.1 Approximate optimality and oracle complexity

It is often difficult to obtain an exact minimizer of the problem. Instead, we seek for an approxi-
mately optimal solution. Namely, for a given error tolerance € > 0, the goal is to find a solution x
such that

f(z) < min f(z) +e.

We say that a solution x satisfies this condition is e-optimal. One can predict that as e gets
smaller, it is harder to find an e-optimal solution. Then, how do we measure how hard it is to find
an e-optimal solution? Here, we need some notion of computational complexity.

A computational abstraction for convex optimization is the notion of oracles. A first-order oracle
returns the gradient V f(z) of a given solution z. A second-order oracle returns the Hessian V2 f(z)
of a given solution z. A zeroth-order oracle returns the objective value f(x) of a given solution x.
Here, we say that an algorithm is a first-order method if it relies on a first-order oracle. How do we
measure the complexity of an algorithm for convex optimization? Basically, we count the number
of oracle calls to find an e-optimal solution. For example, the famous gradient descent method finds
an e-optimal solution with O(1/€?) first-order oracle calls. Here, we often simply say ”iterations”
instead of “oracle calls”.



6.2 Lipschitz continuous functions

We say that a differentiable function is Lipschitz continuous if there exists some L > 0 such that

[f(x) = f(y)l < Lz =yl

for any 2,y € R%. More precisely, we say that f is L-Lipschitz continuous in the norm || - ||o. This
is equivalent to
IVf(@)l2 < L

for any = € R%.

Theorem 4.12. Let f : R — R be L-Lipschitz continuous in the fa-norm and convex, and let
{z; :t=1,...,T} be the sequence of iterates generated by gradient descent with step size
1
N = W
for each t. Then

S\ e e =23 L2(141ogT)
f(ZtTN?t) )= VT ' 2VT

where x* is an optimal solution to min,cga f(x).
Proof. Let n; = 1//t.
41 — 2[5 = |z — eV f(ze) — 2|3
= |l — (13 = 20V f (@) (= &) + 07 |V f ()13
< e — 213 = 2me(f (2e) — f(2")) + 0 [V f (20)]13
where the inequality follows from f(z*) > f(x;) + Vf(x;) " (z* — 2;). Then it follows that
20 (f(xe) = f(2*)) < llwe — 213 — Nwer — 2|3 + 07 IV f (20 3.

Summing this over t = 1,...,T, we obtain
T T
2> e (f(we) = f(a*) < llwr = 2|3 = ez — 213+ ) nf IV f ()3
t=1 t=1

T
< oy — 2|3+ L7 ) .
t=1

Dividing the inequality by 2 Zthl 1¢, we deduce that
S e >y S () o o e =23 LA
) gy < 2z @D 2T B
D=1 Zt 17 D=1 23 =

where the first inequality is due to convexity of f. As we have

1
— >VT and <1+logT,
e %

we obtain

Zle 77t \/T 2\/T ’

as required. O
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