
MA1407.00050 Mathematical Algorithms II SNU, Fall 2025
Lecture #26: Online Resource Allocation December 9, 2025
Lecturer: Dabeen Lee

1 Outline

In this lecture, we cover

• the online resource allocation problem,

• the online dual mirror descent method.

2 Online Resoure Allocation

In this lecture, we study the online resoure allocation problem. Let us describe the formulation due
to [BLM20, BLM23]. Over a finite horizon of T , at each time t ∈ [T ], the decision-maker receives
a request γt = (ft, gt,Xt) where

• ft : Xt → [0, 1] is a concave reward function,

• gt : Xt → [0, 1] is a convex resource consumption function, and

• Xt ⊆ Rd is a convex action set.

Upon observing the request, the decision-maker chooses an action xt ∈ Xt to serve the request,
generating a reward of ft(xt) and consuming gt(xt) amount of resources. The decision-maker has
a total resource budget of T · ρ > 0 to allocate over the horizon T . Here, ρ can be viewed as the
average per-time budget. The goal of the decision-maker is to maximize the cumulative reward
over T while ensuring that the total resource consumption does not exceed the budget Tρ.

Denoting by ~γ = (γ1, . . . , γT ), we consider the resource allocation problem formulated as the fol-
lowing constrained optimization problem:

OPT(~γ) = max
x1∈X1,...,xT∈XT

T∑
t=1

ft(xt) s.t.

T∑
t=1

gt(xt) ≤ Tρ. (26.1)

Here, the optimal reward OPT(~γ) is the maximum cumulative reward achievable when the entire
sequence of requests ~γ is known in advance.

In the online setting, an online algorithm A makes a real-time decision xt based on the current
request γt and the past history {γτ , xτ}t−1τ=1 without knowledge of future requests {γτ}Tτ=t+1.

Assumption 26.1. The requests γ1, . . . , γT are chosen independently and identically distributed
(i.i.d.) from a probability distribution D over the set of requests.

The performance of an online algorithm A is measured by the regret defined as

Regret(A) = E~γ∼DT

[
OPT(~γ)−

T∑
t=1

ft(xt)

]
,
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where the expectation is over the randomness in the requests ~γ. The goal is to design an online
algorithm A with small regret.

The online resource allocation problem has been studied in the context of or under the name of
the AdWords problem [DH09, BJN07], bandits with knapsacks [BKS13, AD14, ISSS19], repeated
auctions with budgets [BG19], online stochastic matching [KVV90, FMMM09], online linear pro-
gramming [GGLM82, AWY14, GM16], assortment optimization with limited inventories [GNR14],
online convex programming [AD15], online binary programming [LSY20], online stochastic op-
timization [JLZ22], online resource allocation with concave rewards [BLM20] and nonlinear re-
wards [BLM23].

3 Online Dual Mirror Descent

To solve the online resource allocation problem under Assumption 26.1, [BLM20, BLM23] proposed
an online dual mirror descent (ODMD) algorithm that is an online variant of the dual subgradient
method for constrained optimization.

3.1 Dual Formulation

For each t ∈ [T ], we define a dual function given by

f∗t (λ) = sup
x∈Xt

{ft(x)− λgt(x)}

for λ ≥ 0. Then we consider

D(λ;~γ) =

T∑
t=1

f∗t (λ) + λTρ.

Lemma 26.2. For any γ ≥ 0, we have

OPT(~γ) ≤ D(λ;~γ).

Proof. Since λ ≥ 0, for any optimal solution {xt}Tt=1 to (26.1), we have

λ

T∑
t=1

gt(xt) ≤ λTρ.

Therefore,

OPT(~γ) ≤
T∑
t=1

ft(xt)− λ
T∑
t=1

gt(xt) + λTρ ≤
T∑
t=1

sup
x∈Xt

{ft(x)− λgt(x)}+ λTρ = D(λ;~γ),

as required.

We define

D̄(λ) :=
1

T
E~γ∼DT [D(λ;~γ)] = Eγ∼D [f∗(λ)] + λρ

where f∗(λ) = supx∈X {f(x)− λg(x)} for a random request γ = (f, g,X ) drawn from D. Then it
follows from Theorem 26.2 that for any λ ≥ 0,

E~γ∼DT [OPT(~γ)] ≤ T · D̄(λ). (26.2)
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3.2 Algorithm Description

In this section, we present Algorithm 1, the ODMD algorithm due to [BLM20, BLM23]. Running
the algorithm requires the following assumption:

Assumption 26.3. There exists a dummy action x0 such that gt(x0) = 0 for all t ∈ [T ]. Moreover,
x0 ∈ Xt for all t ∈ [T ].

Algorithm 1 Online Dual Mirror Descent for Online Resource Allocation

Initialize: dual variable λ1 = 0, step size η > 0, initial budget B1 = Tρ.
for t = 1, . . . , T do

(1. Action selection)
Observe request γt = (ft, gt,Xt).
Choose a temporary action x̃t ∈ argmaxx∈Xt

{ft(x)− λtgt(x)}.
if the remaining budget Bt is at least gt(x̃t) then

Set xt = x̃t
else

Set xt = x0 where x0 is the dummy action in Assumption 26.3.
end if
Update the remaining budget as Bt+1 = Bt − gt(xt).
(2. Dual variable update)
Update dual variable λt+1 as

λt+1 = [λt − η(ρ− gt(xt))]+.

end for

Algorithm 1 maintains a dual variable λt at each time t ∈ [T ]. Upon observing request γt =
(ft, gt,Xt), it chooses a temporary action x̃t that maximizes the Lagrangian ft(x) − λtgt(x) over
x ∈ Xt. If the remaining budget is sufficient to accommodate the resource consumption gt(x̃t),
it sets xt = x̃t; otherwise, it chooses the dummy action x0 in Assumption 26.3 that consumes no
resources. Finally, it updates the dual variable λt+1 by taking a projected subgradient step with
step size η > 0.

3.3 Regret Analysis

In this section, we analyze the regret of Algorithm 1 under Assumptions 26.1 and 26.3. Note that
due to the design of Algorithm 1, the total resource consumption never exceeds the budget Tρ.
The following theorem characterizes the regret of Algorithm 1.

Theorem 26.4 ([BLM20, BLM23]). Under Assumptions 26.1 and 26.3, the regret of Algorithm 1
satisfies

Regret(Algorithm 1) ≤ 1

ρ
+

1

2ηρ2
+
η(ρ+ 1)2T

2
.

Setting η = O(1/
√
T ), we have

Regret(Algorithm 1) = O(
√
T ).

Proof. We define the stopping time τ as

τ = min

{
s ∈ [T ] : Tρ ≤ 1 +

s∑
t=1

gt(xt)

}
.

3



Note that the stopping time τ is a random variable depending on the requests ~γ and the actions
{xt}Tt=1. By the definition of τ , we have

τ∑
t=1

gt(xt) =

τ−1∑
t=1

gt(xt) + gτ (xτ ) ≤ (Tρ− 1) + 1 = Tρ.

This implies that for t ≤ τ , xt ∈ argmaxx∈Xt
{ft(x)− λtgt(x)}, and therefore,

f∗t (λt) = ft(xt)− λtgt(xt).

Let Ft−1 = σ(γ1, . . . , γt−1) be the filtration generated by the requests up to time t− 1. Since λt is
Ft−1-measurable and γt is independent of Ft−1 under Assumption 26.1, we have

E [ft(xt) | Ft−1] = Eγt∼D [f∗t (λt)] + λtE [gt(xt) | Ft−1]
= D̄(λt)− λtρ+ λtE [gt(xt) | Ft−1]
= D̄(λt)− E [λt (ρ− gt(xt)) | Ft−1]

where the second equality holds by the definition of D̄(λ). Now, we consider

Zt =
t∑

s=1

λs (ρ− gs(xs))− E

[
t∑

s=1

λs (ρ− gs(xs)) | Fs−1

]
.

Then {Zt,Ft}Tt=1 is a martingale. Moreover, the optional stopping theorem implies that

E [Zτ ] = 0,

implying in turn that

E

[
τ∑
t=1

λt (ρ− gt(xt))

]
= E

[
E

[
τ∑
t=1

λt (ρ− gt(xt)) | Ft−1

]]
.

Similarly, we may deduce that

E

[
τ∑
t=1

ft(xt)

]
= E

[
τ∑
t=1

D̄(λt)

]
− E

[
τ∑
t=1

λt (ρ− gt(xt))

]
. (26.3)

Here, since D̄(λ) is convex in λ, we have

E

[
τ∑
t=1

D̄(λt)

]
≥ E

[
τ · D̄

(
1

τ

τ∑
t=1

λt

)]
. (26.4)

Note that

E~γ∼DT [OPT(~γ)] =
τ

T
E~γ∼DT [OPT(~γ)] +

T − τ
T

E~γ∼DT [OPT(~γ)]

≤ τ · D̄

(
1

τ

τ∑
t=1

λt

)
+ (T − τ)

(26.5)
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where the inequality follows from (26.2) and the fact that OPT(~γ) ≤ T since ft(x) ≤ 1 for all
t ∈ [T ] and x ∈ Xt. Combining the above inequalities, we obtain

Regret(Algorithm 1) ≤ E~γ∼DT

[
OPT(~γ)−

τ∑
t=1

ft(xt)

]

≤ E~γ∼DT

[
(T − τ) +

τ∑
t=1

λt (ρ− gt(xt))

] (26.6)

where the first inequality holds because ft ≥ 0 for any t while the second inequality comes
from (26.3)–(26.5).

Recall that we update λt based on running online gradient descent on λ. Therefore, for any λ ≥ 0,

τ∑
t=1

λt (ρ− gt(xt))−
τ∑
t=1

λ (ρ− gt(xt)) ≤
λ2

2η
+
η(ρ+ 1)2T

2
.

This implies that for any λ ≥ 0,

Regret(Algorithm 1) ≤ E~γ∼DT

[
(T − τ) +

τ∑
t=1

λ (ρ− gt(xt))

]
+
λ2

2η
+
η(ρ+ 1)2T

2
.

If τ = T , then we may take λ = 0 to show

Regret(Algorithm 1) ≤ η(ρ+ 1)2T

2
.

If τ < T , then we take λ = 1/ρ, in which case,

τ∑
t=1

λ (ρ− gt(xt)) ≤
1

ρ
((τ − T )ρ+ 1) ≤ 1

ρ
− (T − τ).

This means that when τ < T , we have

Regret(Algorithm 1) ≤ 1

ρ
+

1

2ηρ2
+
η(ρ+ 1)2T

2
,

as required.
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