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1 Outline

In this lecture, we cover

e finite-horizon Markov decision processes (MDPs),

e an online algorithm for learning finite-horizon MDPs.
2 Finite-Horizon MDPs with Advesarial Losses
A finite-horizon MDP is defined by a tuple (S, A, H, p, P, {) where

e S is the state space with |S| =S,

e A is the action space with |A| = A,

H is the horizon length,

p€A(S):={pec0,1]°: 17Tp =1} is the initial state distribution,

P= {IP’h}hH:*ll where P, : S x A — A(S) is the transition probability at step h, i.e., Pp(s’ | s,a)
is the probability of transitioning to state s’ when taking action a in state s at step h,

0= {t,} | where £}, : S x A — [0,1] is the loss function at step h, i.e., £,(s,a) is the loss
incurred when taking action a in state s at step h.

In this lecture, we consider an online learning problem setting due to Zimin and Neu [ZN13]
described as follows. The learning proceeds in episodes k£ = 1,2,..., K. While the initial state
distrbituion p and the transition probabilities P are fixed and known to the learner across episodes,
the environment chooses the loss functions /¥ = {ZZ}hHZI adversarially. The interaction between the
learner and the environment is as follows. In each episode k,
e the learner chooses a policy 7% = (r},...,75) where 7§ : S — A(A) maps states to distri-
butions over actions, i.e., at step h, the learner takes action aj; according to ap ~ 71'2( | sp),

e the environment chooses loss functions 52 :S X A —[0,1] for each step h=1,...,H,

e the learner interacts with the MDP using policy 7% and observes the trajectory

(sf,af,s5, a5, ... s}, ajy)
where s¥ ~ p(-) is the initial state and af ~ 7F(- | s¥), s’;;H ~P(- | sF,ak) forh=1,..., H,

e the learner incurs cumulative loss Zthl 0% (sF,a¥) in episode k.



Given a policy 7, the expected cumulative for episode k is given by

H

Lk(ﬂ-) =K Zéz(shaah) | ™ P, p
h=1

where the expectation is over the randomness in the trajectory induced by policy m and the MDP
dynamics. The goal of the learner is to minimize the regret defined as

K K
Regret(K) = Y  L*(7*) —min )~ L*(r)
k=1 k=1

where the minimum is over all policies 7. In fact, the problem of minimizing the regret can be cast
as an instance of online linear optimization over the space of occupancy measures. The occupancy
measure corresponding to a policy 7 is defined as

q"(s,a,h) =P[s, =s,ap =a |7, P, p],

i.e., ¢"(s,a,h) is the probability of being in state s and taking action a at step h when following
policy 7 in the MDP. In general, an accupancy measure ¢ € S x A x [H] satisfies the following
constraints:

e (initial distribution) for all s € S,

Z Q(Sa a, 1) = ,0(8),

acA

e (tranmsition) for all s e Sand h=1,..., H — 1,

D a(sa,h+1)= Y Pu(s'| s,a)q(s,a,h),

acA s€S,acA

e (probability measure) for all s € S,a € A, h € [H],

q(87 a? h) Z 07

and for all h € [H],

Z q(s,a,h) =1

s€S,acA

An occupancy measure ¢ satisfying the above constraints corresponds to a valid policy m =
(m1,...,7H) via
q(s,a, h)

Za’EA q(s, ala h)

for s € S,a € A,h € [H]. In fact, there is a one-to-one correspondence between policies and
occupancy measures satisfying the above constraints. Moreover, the expected cumulative loss for
episode k can be expressed as a linear function of the occupancy measure:

Z Z ™(s,a,h)l5 (s, a).

h=1s€S,acA
2

mh(a | s) =




]RSXAXH

Representing the occupancy measure ¢™ as a vector in and the loss functions ¢* as a vector

in RS*AXH e have
L¥(m) = " "o~

Therefore, the regret minimization problem can be cast as an instance of online linear optimization
over the set of occupancy measures, i.e.,

K K K
k k
Regret(K) = ™ Tk _ min Tk = max ™ g0k
gret(K) k§:1q mip k§:1q s k§:1(q q,0%),

where Q is the set of all occupancy measures satisfying the constraints above.

3 An OMD-based Algorithm for Learning Online MDPs

In the previous section, we have observed that the problem of computing policies for minimizing
the regret in online finite-horizon MDPs can be cast as an instance of online linear optimization
over the set of occupancy measures. Based on this observation, we may design an online learning
algorithm based on online mirror descent (OMD). In particular, we choose the (unnormalized)
negative Shannon entropy as the mirror map:

Y(q) = Z q(s,a,h)logq(s,a,h) — Z q(s,a,h).
s€S,aceAhe[H| s€S,aceAhe[H|
The corresponding Bregman divergence is the (unnormalized) Kullback-Leibler (KL) divergence:

DTZI(Qa C]/) = Z Q('S? a, h) log M - Z (Q(Sv a, h) - q/(S, a, h)) :

"(s,a,h
s€S,a€A,he[H] ¢(s,a,h) s€S,a€A,he[H]

Next we describe the OMD-based algorithm for learning online finite-horizon MDPs. To initialize
the algorithm, for episode 1, we take

1
~1 _
G (s,a,h)= A

for all s € S,a € A,h € [H]. Then we compute

Pt

¢" = argmin,coDy(q,q"),

which corresponds to a policy w! for episode 1.

Lemma 24.1. For any occupancy measure q € Q, it holds that
Dy(q,G") < Hlog(SA).

Proof. Note that

Dy(a,d")= Y, als,a;h)log(q(s,a,h)SA) < Y q(s,a,h)log(SA) = Hlog(SA)
s€S,acA,he[H] s€S,acA,he[H]

where the equualities hold because

Z q(s,a,h) = H

s€S,aceAhe[H|

for any occupancy measure g € Q. O



Suppose that we have finished episode k with policy 7% and occupancy measure q”k. We now
describe how to compute the policy 7**! for episode k + 1. Suppose that for episode k, we have
obtained the trajectory

(st,af,s5,a5, ... s}, afy)
and incurred the losses
(L5 (sh,af), .. O (s, dlfp).

We then form an unbiased estimate of the loss function ¢* as follows:
2 (s,0)

0% (s,a) = { a (s.ah) '
0 otherwise,

ifs:sﬁ,a:aﬁ,

for s € S,a € A, h € [H]. Note that
q’rk(s,a, h) =P[s} =s,af =a | 7" P, pl.

This implies that for each (s,a) € S x A and h € [H],

R i(s,a
E [i5(s,0) | 7*,P. ] = Blsf = s.af = a | 5 P gl - £
g~ (s,a,h)
gk
— (0 k)
q™ (s,a, h)
= (F(s,a).
Then, we perform the OMD update:
~ . 2 k
gt = argmingcgsxaxu {n(q,€k> + Dy(q,q" )} ,

where n > 0 is the step size. The solution to the above optimization problem can be computed in
closed form: .
§""(s,a,h) = q" (s,a, h) exp(—nl} (s, a))

for s € S,a € A, h € [H]. Finally, we need to project G**1 back to the set of occupancy measures

Q:
q’rk+1 = arg min Dy(gq, (ij).
qeQ

The complete algorithm is summarized in Algorithm 1.
We may prove the following lemma, due to our OMD update rule.

Lemma 24.2 (Lemma 13 in [Rak09]). It holds that for any occupancy measure q € Q,

K K

K . koL - 1 -
Y am =g, %) <> (qm = @) + =Dy, 3.
k=1 k=1 n

Based on this lemma, we can further prove the following regret bound for Algorithm 1.

Theorem 24.3 ([ZN13]). Setting the step size
1= /log(SA4)/(SAK),

the regret of Algorithm 1 satisfies

E [Regret(K)] < 2H+/SAK log(SA).

4



Algorithm 1 OMD-based Algorithm for Online Finite-Horizon MDPs

Input: step size n > 0, initial state distribution p, transition probabilities P
Initialize occupancy measure for step 1: G'(s,a,h) = 1/(SA) for s € S,a € A, h € [H|
Take q7rl = argmin ¢ o Dy (q, q')
for episode £ =1 to K do

Derive policy 7% from occupancy measure q”k

Interact with the MDP using policy 7% and observe trajectory (s’f, a’f, .. ,s]}{, a]}{)

Observe losses (€5 (s, ak),... 05 (sh ak))

Form unbiased estimate of loss function ¥

Perform OMD update to obtain §&+!

Project ¢*t1 back to set of occupancy measures to obtain q”k+1
: end for

— =
== O

Proof. Recall that
. ok 5
g (s,a,h) = ¢ (s, 0, h) exp(—nl}(s, a)).

Since exp(z) > 1 + x, we have
@ (s.a,h) 2 07 (s, 0, h)(1 = nif(s,a)).
This implies that

@ =@y <y N ¢ (s.a.h) (s, a))?
s€S,a€Ahe[H|

k k(s a) -
< Y s h)Meﬁz(s,a)
s€S,a€Ahe[H| (5 a
<n Y. s
s€S,acA,he[H]
where the second inequality holds because
Kﬁ(s,a)

(s a) < 59
h(s a’) — an(87a7 h)

and the third inequality follows from the fact that £%(s,a) < 1. Since fﬁ is an unbiased estimator
of EZ, we have that

E [<q’r

k

— gL Ry | 7R P, ,0} <n Z 0 (s,a) < nHSA.
s€S,aeAhe[H)

Then it follows that

K

j 1 - Hlog(SA
> E [<qu —q, 0 | Wk,]P’,p} < nHSAK + HDw((qu) < nHSAK + Hlog(54)
k=1

where the first inequality is from Lemma 24.2 and the second inequality is from Lemma 24.1.
Therefore, we have

K
E [Z@”k - q,ék>] < 2H/SAK log(5A4),
k=1

as required. O
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