MA1407.00050 Mathematical Algorithms II SNU, Fall 2025
Lecture #17: Submodular Function Minimization II November 6, 2025
Lecturer: Dabeen Lee

1 Outline

In this lecture, we cosider

e convexity of Lovész extension

e submodular function minimization

2 Convexity of Lovasz Extension

In the previous lecture, we have introduced the Lovész extension f of a set function f : {0, 1}/#l —

R, which is defined as
|E|

=0

where ) = So C Sy C--- C Sig) = E and \; > 0 with lei‘o)‘z = 1 such that

|E|

T = Z )\ilsz..
1=0

Equivalently, we can express the Lovasz extension as

|E|
f(z) = Z(xw(i) — Za(i+1)) f(1s;)
=0
for z € [0,1)/F], where 7 : {1,2,...,|E|} = {1,2,...,|E|} is a permutation such that

Tr(l) 2 Tr2) = 2 Tr(|E))s
So=0,and S; = {m(1),7(2),...,m(i)} fori = 1,2,...,|E|. In this section, we discuss the convexity
of the Lovasz extension.

It can be shown that if f is submodular, then the Lovész extension f is indeed a convex function.
To elaborate on this, we take a convex lower envelope of f. To be specific, the lower envelope is the
largest convex function that is lower than or equal to f on the vertices of the hypercube [0, 1]|E B

f7(z) = min Z Asf(1ls) : Z Aglg = x, Z Ads=1, Ag>0for SCFE
SCE SCE SCE

Let us first show that the lower envelope agrees with f on {0, 1}/#.

Lemma 17.1. For any f: {0,1}/¥l = R and S C E, we have f~(15) = f(1s).



Proof. Let S C E. Then

d Aslg=15 > As=1,Ag>0for SCE
SCFE SCFE

holds if and only if Ag = 1 and Ay = 0 for all T # S. Therefore, we have f~(1g) = f(1g), as
required. O

Moreover, the lower envelope is a convex function.
Lemma 17.2. For any f : {0,1}/Pl = R, the lower envelope f~ is convex.

Proof. Let z,y € [0,1]'Fl and a € [0, 1]. Take {As}scr and {us}scr such that
Fr@)=>) Asf(ls), > Aslg==z, » As=1, Ag>0for SCE,
SCE SCE SCE

and

f_(y)ZZMsf(ls), Zuslszy, ZMS:L pg >0 for S C E.

SCFE SCE SCFE

Then, we have

frlaz+ (1 —a)y) < Y (ads + (1 - a)us) f(1s)

SCE
=a Y Asf(lg)+(1—a) Y psf(ls)
SCE SCE

=af (x)+ (1 -a)f (y),
implying the convexity of f~. O

To show that the Lovasz extension f is a convex function when f is submodular, we prove that f
coincides with the lower envelope f~ if and only if f is submodular.

Lemma 17.3. Let f : {0,1}/Fl = R. Then, f(x) = f~(x) for all x € [0,1]F] if and only if f is
submodular.

Proof. (<) Suppose that f is submodular. Recall that

fr@)=minq Y Agf(lg): Y Aslg=x, > Ag=1, Ag>0for SCE
SCFE SCE SCFE

Among the coefficient vector A that achieves the minimum, we choose the one maximizing

> Al

SCE

Suppose that there exist two sets A, B C E such that A4 > Ag > 0, and neither A C B nor B C A.
Then we update A by

A= Aa—A, A<+ 0, AauB < Aau +2AB, AanB < AanB + AB.



By the submodularity of f, this update does not increase the objective value. However, this update
increases Y g p As|S|?, because

IAUB|? + |AN B> = |A> 4+ |B]* + 2|B\ A||A\ B| > |A]?> + |B|%.

Therefore, the support of A forms a chain, which implies that f(z) = f~(z).
(=) Suppose that f is not submodular. Then, there exist A, B C E such that

f(A)+ f(B) < f(AUB) + f(AN B).
Take = = %1A + %13. Then, we have

1 1

=1 “1unp.
x 5 AUB+2 ANB

Then the Lovéasz extension at x is given by

fla) = £ F(Laow) + 3 F(Lann).

On the other hand, the lower envelope at = satisfies that

P+ 50(15) < 50 (Lavm) + & f(Lans) = f(),

| =

[ (@) <

implying that f(x) # f(z). O

2.1 Submodular Function Minimization via Convex Optimization

We have just argued that the Lovasz extension f of a submodular function f is a convex function.
This fact allows us to reformulate the submodular function minimization problem

minimize f(z) subject to z e {0,1}7 (17.1)
as a convex optimization problem, given by
minimize f(z) subject to z € [0,1]7. (17.2)

This means that we can apply algorithms for convex optimization to solve (17.1). For example,
we can use the projected subgradient method to solve (17.2). Note that the projection onto the
hypercube [0, 1]|E | is simply given by component-wise clipping. The remaining issue is how to
compute a subgradient of the Lovasz extension f . What would be a subgradient of 7 To compute
a subgradient of f at z € [0,1]], we sort the components of x in non-increasing order with a
permutation 7 : {1,2,...,|E|} — {1,2,...,|E|} such that

Tr(l) 2 Tr(2) = 2 Tr(|E|)-

Then, we define So = 0) and S; = {n(1),7(2),...,7(i)} for i = 1,2,...,|E| and set x() = 1 and
Zr(El+1) = 0. With these notations, note that f can be expressed As

|E| |E]

f(l’) = Z(xw(z) - mﬂ(i+1))f(15i) = f((b) + Zxﬂ’(z) (f(lsz) - f(15i71>) .
=1

i=0
3



Based on this expression, the vector g € RIZ! defined as
grty = f(1s,) — f(1s,_,) fori=1,2,... |E|

is a subgradient of f at z. Note that g can be computed by evaluating f at most |E| times.
Therefore, if we have an efficient oracle to evaluate f, then we can efficiently compute a subgradient
of f and thus solve (17.2) using the projected subgradient method.

Suppose that we have obtained an optimal solution z* of (17.2). How can we recover an optimal
solution of the original problem (17.1)7 Since (17.2) is equivalent to (17.1), it follows that f(1g) >

f(z*) for all S C E. On the other hand, we have

|E]|
f@) =2 (@ = Sheen)f(1sp) 2 _min - f(1s;)
=0 o

where 7 and S} are defined in the same way as before but with z* in place of x. This implies that
any of f(1g+) for i =0,1,...,|E| is an optimal value of (17.1).
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