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1 Outline
In this lecture, we study
e split cuts,
e Gomory’s mixed-integer cuts,

e relationships between Gomory’s mixed-integer cuts, Gomory’s fractional cuts, and split cuts.

2 Split cuts

Consider a mixed-integer program given as follows.

min ¢ z+h'y
st. Az + Gy <b
z ezl y € RP

where A, G, b have rational entries. Then
P= {(m,y) € RYx RP: A:c+Gy§b}
is a rational polyhedron and the feasible set of the LP relaxation. Moreover,
S =Pn(Z% x RP)

is the set of solutions to the mixed-integer program.

Let 7 € Z% and 1o € Z. Note that for any = € Z%, we know that 7'z is an integer. Therefore, any
x € Z% satisfies 72 < mp or m' x > my + 1. Note that Z¢ x RP can be partitioned as

79 x RP = {($,y) € Ze x RP : WTxSWO}U{(x,y) cZl x RP : WTJ;EWOH}.
Similarly, it follows that
S = {(:L‘,y) €sS: ﬂTazgwo}U{(az,y) €S: 7TT33‘27T0—|—1}.
Motivated by this, we define two polyhedron as follows.
II; = {(m,y) cP: nlzx< 71'0},
I, = {(:L‘,y)EP: 7TT{L‘Z7T0—|-1}.

Note that
S CII UIls.

Here, I1; UIl, is a subset of P as shown in Figure 17.1, and therefore, I1; UIl; is a stronger relaxation
of S than P.



Figure 17.1: Splitting a polyhedron

We refer to an inequality o'z 4+ 8Ty < v that is valid for II; UTI, as a split cut for P. As shown
in Figure 17.2, a split cut may cut off some part of the polyhedron P.
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Figure 17.2: Split cut for polyhedron P

The set between two parallel hyperplanes, given by
{(z,y) ERIXxRP: my <7'ax <my+1}

is called a split set. We refer to II; UIIy obtained from the polyhedron P and (m,mg) € Z% x Z as
a split. Note that splits are defined with the integeer variables, not with continuous variables.

Figure 17.3: Applying all splits cuts for a split

If we apply all split cuts from the split with (7, 7p), then we obtain conv(II; UIly) as in Figure 17.3.



Recall that an inequality 7'z < g is a Chvétal-Gomory cut if
Pﬂ{(m,y)ERdep: 7TTa:27ro+1} = 0.

In fact, a Chvatal-Gomory cut is a split cut when one of IT; and Il is empty (see Figure 17.4).
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Figure 17.4: Chvatal-Gomory cut as a split cut

We may take all possible split cuts from every possible (7, 7) € Z? x Z. The resulting set is called
the split closure of the polyhedron P. The split closure of P is given by

P = ﬂ conv <H§7r’7r°) U ng’m’))
(m,m0)ELLXZ

where Hgﬂm) U ng’m) denotes the split associated with (7, 7o) € Z¢ x Z.

Theorem 17.1 (Cook, Kannan, and Schrijver [CKS90]). The split closure of any rational polyhe-
dron is a rational polyhedron.

Then the split closure PU) is a rational polyhedron. Therefore, we may recursively apply the
procedure of taking the split closure. Let P**) denote the kth split closure of P, that is, the split
closure of P=1),

Example 17.2. Consider a polyhedron
P={(z1,22,9) €RY : 21>y, xa >y, 1 +22+2y <2}
and the associated mixed-integer set
S =Pn(Z*>xR).

Note that P is a convex combination of 4 points as follows.

P = conv ({(0,0,0), (2,0,0), (0,2,0), (; % ;) }) .

Here, P has an apex (1/2,1/2,1/2). Moreover,
S =1{(0,0,0),(2,0,0),(0,2,0)}
={(z1,22,9) ERY: m1 >y, 20>y, y<0}.

Therefore, to obtain the convex hull of S, we need to deduce inequality y < 0. However, we can
argue that the kth split closure of P*) for any finite k contains a point of the form (1/2,1/2,t) for
some t > 0.
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Figure 17.5: P as the convex hull of some points

3 Gomory’s mixed-integer cuts

We consider the following mixed-integer set

S={(v,y) € ZL xRY Zaixi—l—Zgjyj:b CzZ¢ xRE.

i€[d] Jjelpl

Let fo, f1,-.., fq be defined as
f(]:b—LbJ, fi:a,;—Laij forie[d].
We assume that
0< fo<1,
i.e., b is not an integer, so that we may generate a nontrivial cut. Then
Z a;r; + Z 95Y; = b
i€ld] J€lp]

is equivalent to

Zfzxz+ Zgjy] f0+ LbJ - Ztalel

i€[d] J€[p] i€[d]
This is further reduced to

Z fixi+ Z xﬁ-Zgij fo+| [b] — Z la; |z; —

i€(d]:fi<fo iG[d]ifi>f0 J€[p] i€ld):fi<fo

Therefore, we deduce that

SC{ (v,y) €Z% xRE Z fizi + Z (fi xﬁ—Zg]y]

ield]:fi<fo i€ld):fi> fo FEP]

The set on the right-hand side is contained in

> (la) + Dz

i€ld]:fi> fo

fo+k for some integer k

(:E,y)GZ‘iXRi: Z fixi + Z _1$z+zg]yj>f0

i€ld]: fi< fo i€(d]:fi> fo j€lpl

U (x,y)eZixRi: Z fixi + Z —1x2+2gjyj<f0—1 ,

i€ [ } fi<fo ZE[d] Ji>fo ]G[p]
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which is equivalent to

(m,y)GZix]R{’i: Z fl,—i— Z fz_lz—i-zgjy]Zl

i€ld):fi<fo Jo i€ld):fi> fo fo j€lp ]
U (z,y) € Z¢ x RE : Z _flas—}- Z L=/ _|_Z _gJ ,
’ + + ‘ f 7 1 — f T )
Ze[d]ifiéfo i€ld]:fi> fo J€lp ]
Then
fi —fi } {fi_l 1_fi} {gg —9j }
Z max{ T; + Z max , 1+Zmax >1
_ 1— 1-—
eidgen oI R fo "1 fo fo 1= fo

is a valid inequality for S. Since 0 < f; < 1 for i € [p|. Here, the inequality is equal to

hi 1 ' g,
> i > 1o St > %y] > 1_9;0%21.

i€d):fi<fo i€(d]:fi>fo J€[pl:g;>0 €[pl:g;<0

This inequality is a Gomory’s mixed-integer (GMI) cut.
3.1 Comparison with Gomory’s fractional cuts

Recall that we considered sets of the form

Recall that Gomory’s fractional cut is given by

> (ai = lai) i = b— [b].

1€[d]
Then Gomory’s fractional cut is equivalent to
DR
ze[d]

where f; = a; — |a;] for i € [d] and fo = b— |b]. On the other hand, Gomory’s mixed-integer cut
for the set S has the form

fz 1_fi
> %xl—l- > 1_f0:1:i21.

i€[d]:fi<fo i€[d]:fi> fo

In fact, if f; > fo, then

fz 1_f1
f0>1—f0

This indicates that Gomory’s mixed-integer cuts dominate Gomory’s fractional cuts.



3.2 Connection to split cuts

Let us consider again the mixed-integer set given by

S={(z,y) €ZL xRE Zaﬂri- Zgjyj:b CZ¢ xRE.
i€(d] J€Elp]

Let (7, 7m0) € Z% x Z be defined as follows.

m:{mL if fi < fo

lai] +1, if fi > fo’ mo = 10,

Then (7, ) defines split II; U Ily given by

IL = (x,y) € Ri X Rp Z a;x; + Z 95Y5; = Z Laszz + Z azJ + 1 xz = LbJ )

€ld] J€lp] ze[d]:fiéfo i€[d]:fi> fo
Iy = (x,y)eRixRp Zalxz—i—z:g]yj Z lai]x; + Z (lai] + Dz > [b] +1
€ld] J€lp] 1€[d]5fi§f0 i€ld]:fi> fo
For 11y, subtracting the inequality from the equality, we deduce that
oo fmit D (fi-Dai+ Y g = fo
i€ld]: fi<fo i€ld]: fi> fo Jj€lp]

is valid for II;. For Iy, subtracting the inequality from the equality, we deduce that

Z fizi + Z wz+zgjy]<f0_1

i€[d]:fi<fo i€(d]: fz>f0 J€[p]

is valid for IIs. The inequalities are equivalent to

PO RV N A

d]:fi<fo dl:fi>fo
— 1—f
z 1_@“ > e
icld):fi<fo O el o 0

where the first inequality is valid for IT; and the second inequality is valid for IIs. Then we can
argue that

e fi —fi _— fi—-1 1—f; o d Y 9;}
2 a{hl—h}l+ 2 a{ fo 1—h}”+§: a{fl Sy =t

i€[d):fi<fo i€ld]:fi> fo

is valid for IIy U II,. In fact, the inequality is precisely Gomory’s mixed-integer cut for the set S.



3.3 Gomory’s mixed-integer closure
Let us consider a rational polyhedron given by
P= {(m,y) €RY x RE : Ax—i—Gygb}.
By adding nonnegative slack variables s, we deduce that
pP= {(w,y) ERi x RE : Js € RY s.t. Ax+Gy+s:b}

where m is the number of inequalities in the system Az + Gy < b. Then we may take any linear
combination of the equality constraints in Az + Gy + s = b by taking a multiplier A:

(AT Nz + (G Ny +ATs=b"\

Then we can generate Gomory’s mixed-integer cut associated with this equation. Repeating this
procedure for all every possible A\, we may apply all possible Gomory’s mixed-integer cuts. We refer
to the resulting set as the mixed integer closure of P.

Theorem 17.3. The mized integer closure of P coincides with the split closure of P.
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