IE 539: Convex Optimization KAIST, Fall 2024
Lecture #20: Augmented Lagrangian method, ADMM November 25, 2024
Lecturer: Dabeen Lee

1 Outline

In this lecture, we study

e Augmented Lagrangian method,

e Alternating direction method of multipliers (ADMM).

2 Augmented Lagrangian method
We consider

minimize f(z)
subject to Ax =b.

We observed that its dual is given by
maximize — f*(—ATp)—b'p,
which is equivalent to
(=1) x minimize f*(—A"p)+0b"p,
Remember that the dual subgradient method solves the dual problem. In this section, we derive
and study another algorithm that solves the dual formulation.
2.1 Proximal point algorithm applied to the dual

The proximal point algorithm proceeds with the following update rule.

. " 1
i = avgmin { £ (-AT0) 4 87w 5l =l
I

By the optimality condition,
N 1
0€—Adf* (—AT 1) + b+ 5(Nt+1 — )

Hence,
per1 = e +n(Axy —b)  where x4 € 8f*(—AT,ut+1).
Note that 2; € 0f*(—AT py41) holds if and only if —AT sy € Of(2¢), which is equivalent to
0€0f(x) + Al < 0€0f(xe) + AT (e + n(Azy — b))
& 0e€df(x)+ AT +nAT (Azy —b)
< m; € argmin {f(x) + uf (Az —b) + gHAm — b||g}
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Hence, the proximal point algorithm for the dual problem works with the following update rule.
. T n 2
x; € argmin {f(x) + py (Az —b) + §HA:U — bH2}
per1 = pr +n(Aze —b).

This is precisely, the augmented Lagrangian method (ALM).

Algorithm 1 Augmented Lagrangian method

Initialize p1.

fort=1,...,7 do
Find 2; € argmin,, { f(z) + p/ (Az — b) + 2|| Az — b||3}.
Update pugy1 = pe + n(Azy —b).

end for

Notice that the augmented Lagrangian method is the dual gradient method applied to the following
equivalent formulation of the primal problem.

minimize f(x) + gHAm — 0|3
subject to Ax =b.
Note that the objective is strongly convex, which implies that the dual objective becomes smooth.
2.2 Moreau-Yosida smoothing of the dual

In the previous section, we saw that the proximal point algorithm applied to the dual is equivalent
to the gradient method applied to the dual of

minimize f(x)+ gHAx — 0|3
subject to Az =b.

From the previous lecture, we learned that the proximal point algorithm is equivalent to the gradient
method applied to the Moreau-Yosida smoothing. Does this imply that the dual of the augmented
problem min{ f(z) + #|[Az — b||3 : Az = b} is equivalent to the Moreau-Yosida smoothing of the
dual of the original problem min{f(x) : Az = b}?

Let us derive the Moreau-Yosida smoothing of the dual of the original problem min{ f(x) : Az = b}.
Recall that the dual of
min {f(z) : Az =b}

is equivalent to
(=1) x minimize h(u) = f*(—ATp) +b"p
Then the Moreau-Yosida smoothing of the dual min{h(u)} is given by
minimize (1)

where ) .
i) = i { )+ 5=l | = ing {77+ 7+ 5wl
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is the Moreau-Yosida smoothing of h(u).
Next we claim that min{h,(u)} is equal to the dual of

minimize f(z) + gHAx — b2
subject to Ax =b.
To show this, we take the dual of min{h,(x)}. Note that
minimize h, (1) = minimize hy(—(=1)" @) +07 p.
Therefore, the dual of min{h,(u)} is
minimize A, (y)

subject to —y =0.

Recall that .
hy(y) = () + 5 llyll2

Note that
W (y) = sup {yTn— 1 (-ATw) —0Tu}
= sup {—f*(—ATu) —(b- y)Tu}
= inf {f(x) : Az =b—y}
where the last equality follows from strong duality. Then
Byly) = inf {f(2) : y=b— Az} + iyl
This implies that the dual problem is equivalent to
minimize f(x) + g”b — Az||3

subject to Az =b.

3 Dual of composite minimization

We consider
minimize f(x) + g(Az),

which is equivalent to

minimize f(x) + g(y)
subject to Az =y.

Moreover, it can be rewritten as

minimize f(z) + g(y)
subject to Az —y=0.
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Algorithm 2 Dual gradient method for composite problems

Initialize p.

fort=1,...,7T—1do
Obtain z; € argmin,, f(z) + u Az and y; € argmin,, g(y) — wdy.
Update i1 = py + ni(Azy — yi) for a step size n, > 0.

end for

Then we may apply the dual gradient method developed for separable objective functions.

Basically, at each iteration, we minimize the Lagrangian function at pu = puy:

F@) +g(y) + p (Az —y).

Instead, the augmented Lagrangian method considers the augmented Lagrangian function given by
n
@) +9() + p (Az —y) + 5 [| Az = yll3.

Here, p; changes over iterations while n remains constant.

Algorithm 3 Augmented Lagrangian method for composite problems

Initialize p.

fort=1,...,7—1do
Obtain (w4, y:) € argming, ;) f(x) + g(y) + p (Az —y) + 3] Az — ylI3,
Update i1 = pie + n( Az — yi).

end for

As we observed that the augmented Lagrangian method is equivalent to the proximal point algo-
rithm applied to the dual, we will check this for the composite optimization problem as well.

3.1 Proximal gradient applied to the dual

Let us apply the proximal gradient method to the dual of the composite problem. Throughout this
subsection, let us assume that f* is differentiable. Again, the dual is given by

minimize f*(=A"p) + ¢*(1).
The proximal gradient method proceeds with
1 = p10x,g. (e + nAV 5 (=AT i) )

since the gradient of h(pu) = f*(=A"p) is Vh(u) = —AV f*(—AT iu). Moreover, 2, = Vf*(— A" 1)
if and only if —ATu; € Of(x;) which is equivalent to z; € argmin,, f(z)+ u, Az. Hence, the update
rule is equivalent to

xy € argmin f(x) + ;JA:L‘,
x
[it+1 = DProxX, g« (e + nAzt) .
Furthermore, by the Moreau decomposition theorem, it follows that

41 = pe + nAzy — nproxg, (ue/n + Azy).
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Here, yi = proxy, (ut/n + Azy) if and only if

which is equivalent to

. Ui
ye € avgmin {g(y) + 1{ (Awe — y) + | Aze — |3}
Y

Therefore, the proximal gradient descent applied to the dual is given by the following pseudo-code.

Algorithm 4 Proximal gradient for composite problems

Initialize p.

fort=1,...,7T—1do
Obtain 2; € argmin,, f(z) + u, Az,
Obtain y; € argmin, {g(y) + p/ (Az; —y) + 3| Az; — ylI3},
Update i1 = pe +n(Aze — yy)-

end for

3.2 ADMM

Lastly, we discuss the alternating direction method of multipliers (ADMM). Its pseudo-code is given
by the following.

Algorithm 5 Alternating direction method of multipliers

Initialize p1 and yo.

fort=1,...,7T—1do
Obtain z; € argmin, { f(z) + g(yi—1) + ¢ (Az — 1) + 2| Az — g1 |13},
Obtain y; € argmin, { f(2) + g(y) + p/ (Azy — y) + §l| Az — yll3},
Update 1 = pe + n(Aze — ye).

end for

ADMM is equivalent to the Douglas-Rachford splitting method applied to the dual problem.
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