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1 Outline

In this lecture, we study

e Frank-Wolfe algorithm,
e Applications in LASSO and matrix completion,

e Introduction to online convex optimization.

2 Stochastic gradient descent

Let us consider convex optimization stated as

If we have an access to its gradient or one of its subgradients, then we can apply gradient descent or
the subgradient method. However, depending on situations, it may not be realistic to assume that
we have an oracle that provides exact gradients. For example, we have just considered the stochastic
optimization setting where f is given by f(z) = E¢up [h(z, £)], the expectation of a random function.
Here, V f(z) = E¢up [VR(2,€)], to compute which we need to know the distribution P in general.
Instead of computing the expectation exactly, what we did was to obtain a sample & so that we
may use Vh(z,&) for each iteration ¢t. Here Vh(x,&;) is an unbiased estimator of V f(x).

Another example is the mean squared error minimization problem for regression.
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where (z1,91), ..., (Zn,yn) are the given data. In fact, this setting is also a stochastic optimization
problem as we can define P as the empirical distribution over the n samples. To be more specific,
1
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Then the gradient of f at g is given by

1 n
VF(8) = By el Vh(B, ()] = == (01— 87
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In this example, we know the precise description of the underlying distribution, from which we can
compute the exact gradient. Then, what is the problem? Here, to compute the gradient, we have
to go through all data points (1,¥1),. -, (Zn, Yn), which may not be practical especially when the
number of data is large. For this scenario, a strategy is to obtain an estimation of the gradient.

We sample a data (x,,y,) from the data set uniformly at random and obtain

9r = _(yr - BTxr)xr'
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Here r is a random variable following the uniform distribution over {1,...,n}. Note that

=ZP<r=z‘>-g¢=Zf gz——*Z = Blaiai = VI(8).
=1 =

Hence, g, is an unbiased estimator of g,. What we do next is to use g, to replace V f(3) when
running gradient descent. More generally, let g, be an unbiased estimator of the gradient of f at
x or the subgradient for f at z.

Algorithm 1 Stochastic gradient descent (SGD)

Initialize x1 € C.
fort=1,...,7 do
Obtain an estimator g, of some g € 9f(x).
Update x11 = Projo {xy — mga, } for a step size n, > 0.
end for
Return (1/T) Y1, .

2.1 Convergence of stochastic gradient descent
Assume that g, satisfies
E[gs] = g for some g € 0f(x), E [||§w]|2] < L2

Under this assumption, let us analyze the performance of stochastic gradient descent given by
Algorithm 1.

Theorem 13.1. Algorithm 1 with step sizes n; = R/(L\/t) satisfies

1 & . _3LR

where the expectation is taken over the randomness in gradient estimation and z* € argmin,co f(x).

Proof. Note that
E o — 2”3 a| = E |[Proje (s —mde) — 23 a1

<E |2 = mge, — 213 o]
= llze = 2" I3+ 17E [|320]13 ko | — 2E g |ai] T (2 — %)
=z — 213 + 7B [ge. )3 2] — 2m] (21— o*)
< Nz — 2|3+ n7E 12,113 22| — 200(f(22) = F(2*)).

Then, based on the tower rule,

Ellzir — 2 l3] <E [lor - 2*13] + 92 [132.13] - 2m(E[f (0] - £(=*))
<E|llz - a*I3] +m2L? - 2m(E £ (z0)] - f(=")).
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Then it follows that
* 1 * (|2 %12 Nt -2
_ < _ _ _ LA
E[f(x)] — f(2*) < o (E [Hﬂ?t T Hz] E [th+1 T H2D t5L

Summing up this for ¢t = 1,...,T and dividing each side by T', we obtain

1 1 & 1 1 &
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By convexity,
1 — 1 —
fZE[f(l“t)]>]E f(TZ%)],
t=1 t=1
and therefore, the result follows. O

2.2 Strongly convex functions
For strongly convex functions, we have the following convergence result.

Theorem 13.2. Assume the same conditions on §, and that [ is a-strongly convex with respect
to the Uy norm for some a > 0. Algorithm 1 with step sizes ny = 2/(a(t + 1)) satisfies

Lo o . 212
f(ZT(T—i-l)xt)] *f(x)gm

t=1

E

where the expectation is taken over the randomness in gradient estimation and z* € argmingcc f(x).

Therefore, for Lipschitz continuous functions and functions that are stronngly convex and Lipschitz,
we recover the same convergence rate as the subgradient method.

2.3 No self-tuning property due to variance

For gradient descent, smoothness does make a difference due to the self-tuning property. For smooth
functions, the convergence rate is O(1/T) (we also saw the accelerated method achieving O(1/7?)
rate). For smooth and strongly convex functions, we obtained O(y”) rate for some 0 < v < 1. Is
it the case for SGD as well? The answer is no.

The crucial property of smooth functions which we relied on in the convergence analysis was
the self-tuning property. For a smooth function f, as we get close to an optimal solution z* &
argming pa f(z), the size of the gradient ||V f(z)||2 gets smaller. However, even if f is smooth and
z goes to z*, E [[|g2|3] does not converge to 0.

Let us consider the mean squared error minimization problem given by

n

min f(8) = > 5 - 67w)?
=1
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Here, f is smooth because

% ;(51 — B2) Ty

IVf(B1) = VI(B2)l2 =

2
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where max;cp,) ||z = M.

Next take the optimal solution 5* € argming f(/3) which satisfies V f(3*) = 0. Then sample a data
point (x;,y;) to obtain an unbiased estimator

do- = (yi — o] ) (—m:).
Here, if the data point (z;,;) is not on the line y = 87 and x; is nonzero, then gg # 0.
2.4 Stochastic optimization

Stochastic optimization (SO) is an optimization problem of the following form.

o B, s [h(z,
minimize B¢ p [h(z,&)]

where

e ¢ is a random parameter vector whose underlying distribution is given by P,
o h(z,£) is convex with respect to x for any fixed &,

e ( is the feasible set for the decision vector z.

Then
f(:[;) = E§~P [h(:t, 5)]
is convex. For example, for the linear regression problem, we consider
1
h(ﬁ? ([Bﬂ y)) = i(y - /BTm)zu
and

1
minimize E¢, yop [A(5,(z,y))] = minimize Eq ,p [2(1/ - ﬂTx)Q}

where z is the feature vector, y is the response variable, and (z,y) follows distribution P.



Algorithm 2 Stochastic gradient descent for stochastic optimization

Initialize 1 € C.

fort=1,...,7 do
Obtain a random vector & ~ P and a subgradient g(z, &) € Oh(x, &).
Obtain x4y1 = Projo {xy — mg(x, &)} for a step size n, > 0.

end for

3 Optimality conditions for non-differentiable convex functions

Now we consider the convex minimization problem with a general convex objective function that
is not necessarily differentiable.

minimize  f(z) minimize  f(z) + Io(x)
subjectto xe€C ~  subjectto x€R%

The first formulation is the constrained version, and the second formulation shows its unconstrained
version with the indicator function. We discussed optimality conditions for convex minimization
problems with a differentiable objective. In this section, we state and prove optimality conditions
for the general case, in which the objective can be non-differentiable.

Remember that when a convex function f is differentiable and C' is a convex domain, z* € C is an
optimal solution to min,cc f(x) if and only if

Vi) (x—2*)>0 forallzeC.
When f is not differentiable, subgradients generalize the gradient even for the optimality condition.

Theorem 13.3. For a convex optimization problem mingec f(z), x* € C is an optimal solution if
and only if there exists s € Of(x*) such that

s (zx—x*)>0 foralzeC.

An immediate corollary of Theorem 13.3 is the following optimality condition for unconstrained
problems.

Corollary 13.4. For a convex optimization problem min, ga f(x), x* € R? is an optimal solution
if and only if 0 € Of(z*).

Corollary 13.4 can be applied to the unconstrained formulation of constrained convex minimization.
Remember that when a convex function f is differentiable and C' is a convex domain, x* € C' satisfies

Vi) (z—2z*)>0 foralzeC

if and only if
0 € Vf(z*) + No(z¥)

because
Ne(x®) = {g ER: g'(y—a*) <0 Vye C}
—{geR": Io(y) 2 9" (y - ") + Io(a®) Wy € dom(lo)}.
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Corollary 13.5. For a convex optimization problem mingcc f(z), * € C is an optimal solution
if and only if
0€df(x*)+ Ne(x¥).

Likewise, we have the following condition for general convex functions.

Proof. By Corollary 13.4, it follows that z* € C is an optimal solution to min (f(x) 4+ I¢(x)) if and
only if
0€d(f(x*)+ Ic(z™)) = 0f (x*) + Olc(z™).

Recall that
olc(@) = {g e R Io(y) 2 g (y —a") + Io(a®) y € dom(lc) }
:{geRd: g (y—2*)<0 VyeC}
= No(z%).
Therefore, 0 € df (x*) + 0Ic(x*) holds if and only if
0 € Vf(z*) + Neo(z*)
holds, as required. ]

In this section, we will prove Theorem 13.3 which states the optimality condition for convex mini-
mization. A tool that we need is the separating hyperplane theorem, which is an important result
in convex analysis on its own. We state the separating hyperplane theorem without proof.

Theorem 13.6 (Separating hyperplane theorem). Let C,D C R? be disjoint convex sets, i.e.,
CND =0, then there exists a € R?\ {0} and b € R such that

a'z>b, foralzeC

a'z<b, forallzeD

Let us prove Theorem 13.3 using Theorem 13.6.

Proof of Theorem 13.3. (<) Assume that there exists s € 9f(z*) such that s (z — 2*) > 0 holds
for all x € C. Then it follows from the definition of subgradients that

fx) = f@*)>s' (z—2*) >0 forallzeC.

This implies that f(z) > f(z*) for all z € C, so x* is optimal.

(=) Let us consider the following two sets.

C={(z—a"t): flz) - flz") <1},
D={(zx—2%t): x€C, t<O0}.

Since f(z) — f(z*) > 0 for any = € C, these two sets are disjoint. Then by Theorem 13.6, there
exists a € R%, b € R, and ¢ € R such that (a,b) # (0,0) and

a'(x—a*)+bt >¢, VxeRY flz)— flz*) <t (13.1)
a' (z—x")+bt<ec, Vel t<O. (13.2)
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In (13.2), t can be arbitrarily small, so b > 0. Suppose that b = 0, in which case (13.1) becomes
a'(x—2")0>¢, VareRY flz)— f(z*) <t

Here, x — x* can be \-a where A is an arbitrarily small number. This implies that a« = 0. However,
this contradicts the condition that (a,b) # (0,0). Therefore, b > 0. Then, without loss of generality,
we may assume that b = 1. Then taking x = z* and ¢ = 0 in (13.1), we obtain 0 > ¢. Moreover,
taking x = z* and a number that is arbitrarily close to 0 for t, it follows that 0 < ¢. Hence, ¢ = 0.
Then (13.1) and (13.2) become

a'(z—z")+t>0, VzeRY flz)— f(z*) <t (13.3)
a'(x—2")+t<0, VeeC, t<O0. (13.4)

Here, we take t = f(z) — f(z*) in (13.3). Then (13.3) becomes
flx) > f(@*) —a'(z -2,
which implies that —a € 9f(z*). Moreover, we take a number that is arbitrarily close to 0 for ¢

in (13.4). Then it becomes a' (z — 2*) < 0, which is equivalent to —a ' (z — 2*) > 0. Hence, —a is
the desired vector. O
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