
IE 539 Convex Optimization Assignment 5

Fall 2024

Out: 4th December 2024

Due: 15th December 2024 at 11:59pm

Instructions

• Submit a PDF document with your solutions through the assignment portal on KLMS by the due date.
Please ensure that your name and student ID are on the front page.

• Late assignments will be subject to a penalty. Special consideration should be applied for in this case.

• It is required that you typeset your solutions in LaTeX. Handwritten solutions will not be accepted.

• Spend some time ensuring your arguments are coherent and your solutions clearly communicate your
ideas.

Question: 1 2 3 4 Total

Points: 25 20 15 40 100
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IE 539 Convex Optimization Assignment 5 Due 15th December 2024

1. Given points v1, . . . , vn ∈ Rd, consider the location problem

min
x∈Rd

max
k∈[n]

‖x− vk‖2.

This problem can be reformulated as the following second-order cone program (SOCP).

min
x∈Rd

max
k∈[n]

‖x− vk‖2 = min
x,t
{t : ‖x− vk‖2 ≤ t ∀k ∈ [n]}

= min
x,t
{t : (x− vk, t) ∈ Ld+1 ∀k ∈ [n]}

where Ld+1 =
{
(x, t) ∈ Rd × R : ‖x‖2 ≤ t

}
is the Lorentz cone.

(a) (10 points) Derive the dual of the SOCP.

(b) (5 points) Prove that the strong duality holds.

(c) (10 points) Show that the optimal location is in the convex hull of {v1, . . . , vn}.

2. (a) (10 points) Derive the dual of
minimize f(x) + ‖Ax− b‖.

Here, ‖ · ‖ is an arbitrary norm.

(b) (10 points) Derive the dual of

minimize f(x)

subject to x ∈ C1 ∩ · · · ∩ Ck

where C1, . . . , Ck are some convex sets in Rd. You may use the indicator functions of the sets and their
Fenchel conjugates.

3. (15 points) Let f(x) = ‖x‖1 : Rd → R. Prove that the Moreau-Yosida smoothing of f is given by

fη(x) =

d∑
i=1

1

η
Lη(xi)

where

Lη(c) =

{
η|c| − η2/2, if |c| ≥ η,
|c|2/2, if |c| ≤ η.

4. Consider
h(µ) = f∗(−A>µ) + g∗(µ)

for some convex functions f and g.

(a) (15 points) Prove that
µt+1 = µt − ηtgt where gt ∈ ∂h(µt)

if and only if
µt+1 = µt + η(Axt − yt)

for some

xt ∈ argmin
x

{
f(x) + µ>t Ax

}
,

yt ∈ argmin
y

{
g(y)− µ>t y

}
.

(b) (15 points) Prove that
µt+1 = proxηh (µt)

if and only if
µt+1 = µt + η(Axt − yt)

for some

(xt, yt) ∈ argmin
(x,y)

{
f(x) + g(y) + µ>t (Ax− y) +

η

2
‖Ax− y‖22

}
.

(c) (10 points) Prove that proxηh(µ) = µ− η∇hη(µ).
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