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1 Outline
In this lecture, we study
e Dual gradient method,

e Moreau-Yosida smoothing.

e Optimization of the Moreau envelope.

2 Dual gradient method

We consider

minimize f(x)
subject to Ax =b.

We observed that its dual is given by
maximize — f*(—ATp)—b"p.
Then the problem is equivalent to
(=1) x minimize f*(—A"p)+b"p

As f* is convex, this dual forumulation is a convex minimization problem. Let us apply the
subgradient method to the dual.

2.1 Subgradient method for the dual problem

Given py, let g, € 0 ( [H(=AT ) + bT,ut). Then the subgradient method applies the following
update rule.

Hi+1 = Kt — e Ge-
Here, what is a subgradient g;? Note that

O (£ (=A" ) +0" ) —-A Of* (AT i) +b.

: : * — _ AT
subdifferential of f*(—ATp) +b"pw at = s subdifferential of f*(u) at p = —A "

Hence, g; € O (f*(—AT pu) +b" 1) if and only if
gt € —AOf*(—AT i) +b.

Therefore,
gr = —Ax, + b for some z; € df*(—AT jip).



Moreover, we have also observed that x; € 9f*(—AT ;) if and only if —ATpu; € df(x¢). Here,
— ATy € 0f () holds if and only if 0 € df(x¢) + AT g which is equivalent to

x; € argmin f(z) + p, Az
T

Note that s, b remains constant as x changes, so z; € argmin,, f(z) + pu/ Az is equivalent to

x; € argmin f(z) 4 p/ (Az — b).

Therefore, the subgradient method applied to the dual problem proceeds with
x; € argmin f(z) + p (Az —b),
X
pir1 = pt + ne(Azy —b).

Here, f(z) + ;' (Az — b) is the Lagrangian function £(z, ) at g = u. In words, the subgradient
method applied to the dual problem works as follows. At each iteration ¢t with a given dual multiplier
e, we find a minimizer of the Lagrangian function £(x, u¢). Then we use the corresponding dual
subgradient Ax; — b to obtain a new multiplier 4.

Algorithm 1 Subgradient method for the dual problem
Initialize p.
fort=1,...,7T—1do
Obtain z; € argmin,, f(z) + u, (Az — b),
Update i1 = py + ni(Azy — b) for a step size n, > 0.
end for

At each iteration, we find a minimizer of the Lagrangian function £(x, y;), which gives rise to an
unconstrained optimization problem. Hence, the dual approach is useful when there is a complex
system of constraints.

2.2 Smoothness and strong convexity

Another motivation for using dual methods is that the dual objective can become smooth even if
the primal objective is not.

Theorem 20.1. Let f : R? :— R be closed and a-strongly convex in the £y norm. Then f* is
(1/a)-smooth in the ly norm.

Proof. Given y € R%, we have

= sw {yTe- @)}

zedom(f)

Note that

et €0f (y) < yedf(a’)
< 0ey—0of(x")

<z € argmax {yT:L“ — f(q:)}
z€dom(f)



Since f is strongly convex, there exists a unique maximizer z* for the supremum. This implies that
the subdifferential of f* contains a unique point, and therefore, f* is differentiable.

Let y; € 0f(x1) and yo € f(x2). Since f is a-strongly convex, we have
a
f@1) > f(m) +ys (21— 22) + Sz = 13,
a
fla2) > f(m1) + i (w2 —21) + 5 llz2 = 13-
Summing up these two inequalities, we obtain
(1 —v2) " (w1 — 2) > al|zy — 223
Hence,
1
|1 — 2|2 < a”yl — 2|2

As y; € Of (1) and yo € 9f(x2), it follows that z1 = V f*(y1) and x9 = V f*(y2). Therefore,

. 1
IVF ) =V (g2)llz < iy = 2]l
which implies that f* is (1/a)-smooth in the ¢3 norm. O

Remember that the subgradient method for strongly convex functions guarantees a convergence
rate of O(1/T). However, the dual problem of a strongly convex function minimization is a smooth

convex function minimization, for which the accelerated gradient method guarantees a convergence
rate of O(1/7?).

Theorem 20.2. Let f : R? :— R be a closed convex B-smooth function in the €y norm. Then f*
is (1/B)-strongly convex in the oy norm.

Proof. To show that f* is (1/3)-strongly convex in the 5 norm, we will argue that

M@zﬁ@—%w%

is convex. Note that 1

Oh(y) = of*(y) — Y

We will use the fact that if Oh is monotone, then h is convex. In other words, it is sufficient to
show that for any x1 € 0f*(y1) and z9 € Jf*(y2), the following holds.

(1 —w2) ' (21— (1/B)y1) — (w2 — (1/B)y2)) = 0,
which is equivalent to
(= 32) " (@1 = 22) = s — el
Remember that if f is S-smooth,

(V (1) = V(2) (21— a2) > ;I!Vf(ﬂcl) = Vf(x2)l3-

Moreover, for any x1 € 0f*(y1) and zo € 0f*(y2), we have y; = Vf(z1) and yo = Vf(z2). Then
the above inequality can be rewritten as

1
.
(1 —y2) ' (21— 22) = =[ly1 — 1213,

as required. O



2.3 Dual gradient method for separable problems

We can use dual methods when the objective is separable while there is a system of linking con-
straints. We consider

minimize fi(z1) + fa2(22)
subject to  Ajxi + Asxe = 0.

Let us derive its dual. The Lagrangian dual function is given by

iﬂf2 {fl(ﬁﬂl) + fo(me) + p (Arzy + Agmy — b)}

T,
= —bT,u + i;}lf {fl(atl) + ,uTAlxl} + i£12f {fg(xg) + ,uTAgxg}
S Sup {—fl (1) + (—AIM)TM} —sup {—f2($2) + (—AQTM)TM}
= —b"p— fi(=A] p) — f3(~ A3 ).
Therefore, the Lagrangian dual problem is given by
maximize — fi(=A{ p) — f3(—=A3 p) = b p.
Again, this problem is equivalent to the following convex minimization problem.
(=1) x minimize f{(—=A{p)+ fo(=Agp)+b' p.
Given fu, let g; € O (ff(—A] ) + f5(—Ag 1) + b py). We can argue that
O (Fi (—AT ) + F5(=Ad ) + b7 1) = =107 (= AT ) = As0 5 (= AJ pe) + .
Note that z1; € 0f;(—A] pt) if and only if —A] yy € 9f1(214). This is equvialent to

x14 € argmin {fl (1) + u:Alml} .

x1

Similarly, w2, € 0f;(—Ag py) if and only if
Toy € argmin {f2($2) + MtTAﬂQ} .
x2

Therefore, the subgradient method applied to the dual problem proceeds with the following update
rule.

pe1 = e+ ne(Arzre + Aoy — b)
where

x1¢ € argmin {fl(wl) + MtTAlld} ,

1

Ta¢ € argmin {f2($2) + MtTAwQ} :

€2

Here, at each iteration, computing the iterates x1; and z2; can be done in parallel. For the primal
problem, the variables x1 and xo are connected through the constraints Ayx1 + Aoxo = b. However,
for the dual method, we separate the variables and x; and zo by the Lagrangian multiplier.
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Algorithm 2 Subgradient method for the dual problem of a separable minimization

Initialize p.

fort=1,...,7T—1do
Obtain x1; € argmin,, {fl (z1) + uz—Alxl} and wo; € argmin,, {fg(ﬂ:g) + ,u;rAgz:g}.
per1 = pe + ne(A1x1 ¢ + Agxay — b) for a step size n > 0.

end for

3 Moreau-Yosida smoothing

Given a function f : R? — R, the Moreau-Yosida smoothing of f is defined as

oo = { £ + o 13}

for some 1 > 0. This is also referred to as the Moreau envelope. Note that

fola) = £ (pross () + 5= [loros, () —

Why do we care about this? There are several nice properties of the Moreau-Yosida smoothing.
3.1 Convexity and smoothness
Proposition 20.3. Let f : R — R be convex. Then fn is convex.
Proof. Let
gl u) = F(w) + gl =l

Then g is convex in x, and it is convex in u. Moerover, f,(x) is a partial minimization of g(x,u)
obtained after minimizing out the variables u. Therefore, f, is convex. O

Proposition 20.4. The Fenchel conjugate of f, is given by

* * 77
L) =1 + 5yl
Proof. Note that

fol@) = inf {f<u> - 1||vu3}.

utv=zc 2n

Hence, f; is the infimal convolution of f and || - |3/(2n). This implies that

) = P ) + (;nu - \%) ).

Note that

1 * 1 i
(50°18) ) = s {uTo = o1z} = 2

where the last equality is deduced from the optimality condition. O

As a direct consequence of Proposition 20.4, we deduce the the Moreau-Yosida smoothing is smooth.



Proposition 20.5. Let f : R — R be convex. Then its Moreau envelope fn is (1/n)-smooth in
the 05 norm.

Proof. First, as f is convex, f, is convex. Since f, is convex, it is continuous on R As RY is
closed, f; is a closed function. It follows from Proposition 20.4 that the Fenchel conjugate f of f;
is n-strongly convex in the 5 norm. Then the Fenchel conjugate f;* of f; is (1/n)-smooth in the
ly norm. Lastly, as f; is closed and convex, f;* = f,. Therefore, f, is also (1/n)-smooth in the £
norm. O

Let us consider an example.

Example 20.6. Let f(z) = ||z||;. Then

where
Lo = e =n?/2, i el =,
77(6) - 2 .
le]?/2, if || <n.

Here, L, is called the Huber loss (see Figure 20.1%).

Huber loss function

Figure 20.1: Huber loss

3.2 Optimization of the Moreau envelope

Moreover, we can compute the gradient of the Moreau-Yosida smoothing.

Proposition 20.7. Let f : R — R be convez. Then

V fy(z) = proxs. ), <z> = :l(x — prox, ¢()).

mage taken from http://yetanothermathprogrammingconsultant.blogspot.com/2021/09/

huber-regression-different-formulations.html


http://yetanothermathprogrammingconsultant.blogspot.com/2021/09/huber-regression-different-formulations.html
http://yetanothermathprogrammingconsultant.blogspot.com/2021/09/huber-regression-different-formulations.html

Proof. By Proposition 20.5, f, is smooth and thus differentiable. Moreover, as f, is convex and
closed, it follows that y = Vf,(z) if and only if x € 0f;(y). Note that Proposition 20.4 implies
that

Ofy(y) =0f (y) +ny".
Hence, = € df,(y) if and only if z — ny* € df*(y) which is equivalent to

1 1
—z—y* e -0f (y).
n n

ProX s« z =y
f*/m n

By the Moreau decomposition theorem, we have

Furthermore, this is equivalent to

T = prox, ¢ (z) + nproxs , (x/n)
S0 .
x
—(x — prox, ¢(x)) = prox ¢« <> ,
n nf f*/n n
as required. O

Proposition 20.8. Let f : R — R be closed. Then a minimizer of the Moreau- Yosida smoothing
fn s a minimizer of f.

Proof. By Proposition 20.7, it follows that
1
Vn(x) = 5(37 — prox, ¢(7)).

Then, by the optimality condition, z* is a minimizer of f,, if and only if

0=V/f,(z*) = 717(1‘* — prox,, ¢(Tx))

which is equivalent to
x* = prox, ¢(z").
Note that 2* = prox, ;(z*) holds if and only if
0=2z"—2z* €ndf(z).
Therefore, z* = prox,, f(:v*) if and only if 2* is a minimizer of f. O

Therefore, the problem
minimize f(z)

is equivalent to solving
o . 1 2
minimize f,(x) =inf § f(u) + —|lu —z||5 ;.
u 217

We know that f;, is convex by Proposition 20.3. Hence, we can attempt to solve the problem by
gradient descent. By Proposition 20.7, the gradient of f;, is given by

Vfn(x) = 717(37 — prox,¢(z)).
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Moreover, f, is (1/n)-smooth by Proposition 20.5. Hence, the gradient descent update rule proceeds
with step size 7 given as follows

Tir1 = 2t — NV fy(ze) = Proxnf(xt)'

This is precisely the update rule of the proximal point algorithm! This implies that the proximal
point algorithm is equivalent to gradient descent applied to the smoothed objective.
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