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1 Outline

In this lecture, we study

e Properties of smooth functions,
e Properties of strongly convex functions,

e Convergence rate of gradient descent for functions that are smooth and strongly convex.

2 Smooth functions

2.1 Quadratic upper bounds on smooth functions

In the last lecture, we discussed the convergence rate of gradient descent on smooth functions.
The key property of smooth functions based on which we developed the analysis is the following
quadratic upper bound inequality for smooth functions. Namely, for a S-smooth convex function
f: R4 = R, we have

s
fly) < @) + V) (y— ) + Sy = =li3
for any x,y € R?. Let us verify this while we discuss some important properties of smooth functions.

Theorem 11.1. Let f : R — R be a convex function. Then f is S-smooth in the ¢35 norm for
some > 0 if and only if g(z) = (8/2)||z]|3 — f(x) is convex.

Proof. (=) Recall that g is convex if and only if the monotonicity condition is satisfied. Note that
Vyg(z) = pzr — Vf(x) and

(Vg(x) = Vg(y),z —y) = Bllz —yll3 — (Vf(z) = Vf(y),z —y).

Then by the Cauchy-Schwarz inequality,

(Vf(z) = Vfy)z—y) < V(@)= VIl llz -yl < Blla -yl

Therefore, we have (Vg(z) — Vg(y),z — y) > 0, which implies that g is convex.

(«<=) Since g is convex, the first-order characterization of convex functions states that
ﬁ 2 > ﬂ 2 \V/ T f Rd
Ol £ 2 Dalld — £(a) + (B~ V@) (2 ) for any = € B,
which is equivalent to

f(z) < f(x) + Vf(a:)T(z —x)+ gHZ - :cH% for any z € R,



Then taking z = y + (1/8)(Vf(z) — V£(y)),
Fla) = F(9) = F@) = £(2) + F(2) — £ ()
< V(@) (2~ 1) + V) (2 ) + 22—yl
= V@) (@~ )+ (V) ~ VW) T~ )+ Dz 3

1

= Vi) (z—y) - ﬁllvf(l‘) ~ VI3

Then it follows that
51970) = VIWIE < ) = £(@) + V@) (2 = ).
Similarly, we obtain
551V 0) = VI @B < @) = )+ V1) (0= ).
Adding these two inequalities, it follows that
SIV @) = VIWIE < (VF(@) - V) @ - )
Since (Vf(z) — Vf(y) " (x—y) < |[Vf(z) = V()2 |z — yl2 by the Cauchy-Schwarz inequality,

we obtain

IVf(x) =Viwllz < Bllz =yl
Therefore, f is S-smooth. O

By the first-order characterization of convex functions, g(z) = ngH% — f(x) is convex if and only
if g(y) > g(x) + Vg(z) " (y — z) for any z,y € R% This condition is equivalent to

F(w) < F@)+ V)Tl — ) + 2y~ 2B,

which verifies the quadratic upper bound property of smooth functions.
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Figure 11.1: Quadratic upper bound on a smooth function

In fact, the inequality holds regardless of whether f is convex or not. We prove the following
stronger statement.

Lemma 11.2. If f is B-smooth in the {5 norm, then

N | ™

Fy) = fz) = Vf(2) " (y—2)| < Slly —
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Proof. By the fundamental theorem of calculus and the Cauchy-Schwarz inequality, we obtain the
following.

1
10) = 1) = V@ (v =2)| = | [ 0=2) (Vo + tty =) = VF@) i

1
g/’m—xMHVﬂx+ay—m>—Vﬂdet
0

1
S/xﬂ@—m%ﬁ
0
B
== lly I3

where the equality is due to the fundamental theorem of calculus, the first inequality is by the
Cauchy-Schwarz inequality, and the second inequality is from the S-smoothness of f. O

2.2 Optimality gap for smooth functions

Another interesting result is that when f is smooth, we can measure the gap between the optimal
value and f(z) for any given solution x. More precisely, we prove the following result.

Theorem 11.3. If f : R? — R is 8-smooth in the ly norm and convez, then

B

in —z*|3 VzeR?

;ﬂvmmggﬂm—fuwg

where x* is an optimal solution to min,cpa f(x).

Proof. Let us prove the upper bound on f(z) — f(x*) first. As f is S-smooth, we have
* * * /8 *
f(&) < )+ V) (0= + S e — a3
which implies the upper bound as V f(z*) = 0. For the lower bound, note that for any y € R,
* T B 2
fla®) < fly) < @) + Vf(z) (y —2) + Sy —«l3-
Here, we can take y = z — (1/6)V f(z), which makes the right-most side
1
fx) - %HVf(w)H%-

Then it follows that 1
f@*) < f(z) — %HVf(a?)H%,

as required. 0
Based on Theorem 11.3, we can prove the following property of smooth functions.

Lemma 11.4. If f : R? — R is S-smooth in the {3 norm and convez, then
1
(Vf(z) = V() (= —y) = EHVf(fC) ~ Vi3

for any x,y € R%.



Proof. Given z,y € R? we take the following two functions.

As Vg(z) = Vf(z) = Vf(z) and Vh(z) = Vf(z) — Vf(y), it follows that = and y minimize g and
h, respectively. Moreover, g and h are both S-smooth. Note that

) — F(@) — V@) (- ) = gly) — 9(a)
;uw )2

= %va) — V(@)|l5-
Similarly, we have
fl@) = fly) = V) (z—y) = h( ) = h(y)
> wnw )3
= %Ilvf(w) - Vil3

Adding these two inequalities, we obtain

(V)= Vi) (2 —y) > ;nw(x) — VW
as required. O

3 Strongly convex functions

3.1 Quadratic lower bounds on smooth functions

Recall that a function f is a-strongly convex in the norm || - ||z for some a > 0 if f(z) — ||z[3
is convex. Why is strong-convexity useful? Let us first derive the following property of strongly
convex functions.

Lemma 11.5. If f is a-strongly convex in the €5 norm, then
Q@
F) = f@) + V@) (y— o)+ Sy — =l

Proof. By definition, we have that g(z) = f(z) — $||z||3 is convex. Then by the first-order char-
acterization of convex functions, we have g(y) > g(z) + Vg(z) " (y — x) for any z,y € R%. This is
equivalent to

F9) 2 F@) + (V@) = a2) " (y — @) = Sll2ll3 + Syl
= f(@)+ V@) (y =)+ Sy — all3,

as required. O



Figure 11.2: Quadratic lower bound on a strongly convex function

Lemma 11.5 implies that a strongly convex function is lower bounded by a quadratic function.
This means that, when a point is far from an optimal solution, the gradient at this point has to
be large. Hence, when applying gradient descent or the subgradient method, this leads to a faster
convergence.

In Figure 11.3, we compare smoothness and strong convexity. The first figure shows a strongly
convex function that is not smooth, obtained by taking the point-wise maximum of two smooth
functions. The second figure illustrates a smooth function that is not strongly convex. In particular,
the second figure shows a smooth curve around the minimum point while it exhibits a linear growth

when being far away from the minimum point.
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Figure 11.3: Strongly convex but non-smooth function vs smooth function that is not strongly

convex

3.2 Optimality gap for strongly convex functions

Recall that Theorem 11.3 measures the optimality gap of any given solution x for a smooth function.
We can provide a similar result for bounding the optimality gap for strongly convex functions.

Theorem 11.6. If f : R* — R is a-strongly convex in the l5 norm, then
o *112 * 1 2 d
Sl =27z < f(2) = f(@") < - IVF()llz Vo eR
where x* is an optimal solution to min,cga f(x).
Proof. Let us prove the lower bound on f(x) — f(z*) first. As f is a-strongly convex, we have
f@) 2 f@) + Vi) (@ - a") + Sla - 2|3,
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which implies the lower bound as V f(z*) = 0. For the upper bound, note that
* * « *
f@) > f()+ V(@) (" —2) + Sl = z|l3

> min f(z) + V(@) (y o) + 5 Iy - I3
yeR

The minimization term above is minimized when y satisfies V f (z)+«a(y—z) = 0, which is equivalent

toy=x— (1/a)V f(x). Therefore,

1
fa®) > f(x) - ﬁllvf(:ﬂ)llg,
as required. ]

Lastly, we show the following result for strongly convex functions, which holds because the mono-
tonicity condition for f(z) — (a/2)|z||3.

Lemma 11.7. If f : R — R is a-strongly convez in the ¢o norm, then
(Vf(z) = Vi) (x—y) > allz -yl
for any x,y € R?.
Proof. As g(z) = f(x) — (a/2)||z||3 is convex, the monotonicity of the gradient of g implies that
(Vg(x) = Vg(y) (z —y) > 0
for any z,y € R Note that Vg(z) = Vf(x) — ax and Vg(y) = Vf(y) — ay, which implies that
(Vg(z) = Va(y) ' (& —y) = (Vf(2) = V() (z —y) - allz — 3.
Then we obtain (Vf(z) — V() (z —y) > allx — y||3, as required. O

4 Convergence result for smooth and strongly convex functions

When f is both smooth and strongly convex, f satisfies the following property.

Lemma 11.8. Let f : R? — R be conver. If f is B-smooth in the fo morm and B > «, then
f(x) = (a/2)||lz]|5 is (B — «)-smooth.

Proof. By Theorem 11.1, f(x) — (a/2)||z|3 is (8 — a)-smooth if and only if

8 —
2

“Nall3 — (@)~ Shell3) = Dl ~ £(a)

is convex. Then, again, (8/2)||z||3— f(z) is convex if and only if f is 3-smooth. Since f is f-smooth,
it follows that f(x) — (a/2)||z||3 is (8 — a)-smooth, as required. O

Based on Lemma 11.8, we can prove the following result on functions that are both smooth and
strongly convex.

Lemma 11.9. If f : R — R is B-smooth and a-strongly convex in the ly norm, then
1 o
(Vf(z) - Vf(y))T (z—y) > m”vf(fc) - Vf(?/)H% + m”l’ - ?JH%

for any x,y € R?.



Proof. Since f is a-strongly convex, f(z) — (a/2)||z|]3 is convex. Moreover, f(z) — (a/2)||z|3 is
(B — a)-smooth by Lemma 11.8. Applying Lemma 11.4 to f(x) — (a/2)||z|3, it follows that

(V@)= Vi)' (@—y)—alz -yl

2
> V@) - VI - 5 (V@) = Vi) @)+ 57 oyl
This implies that
(V1) = VI @) 2 5 IV1@) — VI + 55 e — ol
as required. O

Observe that Lemma 11.9 is a combination of Lemma 11.4 for smooth functions and Lemma 11.7
for strongly convex functions. This strong peroperty of functions that are both smooth and strongly
convex leads to a linear convergence of gradient descent.

Theorem 11.10. Let f : R — R be B-smooth and a-strongly convex in the ly-norm, and let
{z; : t = 1,...,T + 1} be the sequence of iterates generated by gradient descent with sep size
ne =2/(a+ B) for each t. Then

I6; 4T N
Flarin) = f@7) < Gexp [ ——— ) o — 2713
K
where x* is an optimal solution to min, pa f(x).
Proof. Let n, = n for each t > 1. Note that

|41 = 2*(13 = llee =0V f(22) = 2*[13
= llwe — 2|3 = 20V f () " (w0 — 2*) + 0|V f(20) 13

« 2n 2770zﬁ
< oy — 2*||3 — m\lvf(wt)llg Ith — 23+ 0|V F(zo) I3

_ (1 . infg) e — "2 + (772 2+ 5) IV @)

where the inequality follows from Lemma 11.9. Setting n = 2/(a + [3), we obtain

vz (B—a) w2 (E—1)? .2
2141 — %[5 < Fta |2t — 2[5 = | lzs — 2|3,

which implies that

K—1 k—1\" N
o =o'l < (257 ) e =o'l < (557 ) o =o'l

Since f is f-smooth, we have

. . B (k-1 2t )
fl@ip) = f(@") < Sl =273 < 5 5 lzy — 2”13

Lastly,

as required. O
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