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Instructions

Submit a PDF document with your solutions through the assignment portal on KLMS by the due date.
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Late submissions will not be accepted except in extenuating circumstances. Special consideration should
be applied for in this case.

It is required that you typeset your solutions in LaTeX. Handwritten solutions will not be accepted.

Spend some time ensuring your arguments are coherent and your solutions clearly communicate your
ideas.
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IE 539 Convex Optimization Final Exam Due 16th December 2023

1. We consider the following composite convex minimization problem
minimize f(z) + g(z) (1)

where f and g are closed and convex functions whose associated prox operators prox;(-) and prox,(-) are
known. Let us consider
H(y) =y + prox, (2prox;(y) — y) — prox;(y).
(a) (20 points) Prove that if H(y) = y, then x = prox;(y) is an optimal solution to problem (1).
(b) (20 points) Part (a) suggests an algorithm for solving (1) as follows. Given (zy,y:), we deduce
(Te41, Yet1) as
Yer1 = Yt + prox, (2z¢ — yi) — T
Tip1 = prOXf(yt+1)-

(2)

Prove that the algorithm with the update rule (2) is equivalent to the algorithm presented next. Given
(24, ut, wi), we obtain (441, U1, Wer1) as

Upy1 = Prox,(z¢ + wy)

Tyy1 = Prox,(upp1 — wy) (3)

Wiyl = Wy + Tpp1 — Ugpl

2. We consider the following composite convex minimization problem

minimize f; (1‘1) + f2 (xz)
subject to Aixy + Aszs =b.

(4)

We learned that the dual of (4) is given by (or equivalent to)
minimize b'z+ fi (—A{2) + f5 (—A5 2). (5)
To solve (5), we consider an algorithm that proceeds with the following update rule. Given (z;, us, wy), we
obtain (2441, U1, Wey1) as
Upy1 = Prox, (2 + wy)
241 = Prox, (U1 — wy) (6)
W1 = Wy + Zp41 — U1

where
)= 5 (<AJ=) and g(z) = b7+ fi (—A]2).
Here, z; is a solution to (5) while u; and w; are auxiliary variables.
(a) (20 points) Prove that w11 is given by
Ut+1 = 2t + Wi + n (Alxl,t — b)
where "
21, = argmin { fi (1) + (2 + )T (Arzy = b) + 3| Avas — b3}
1
(b) (20 points) Prove that z,y; is given by
ziy1 = 2 + 1 (A1214 + A2z — b)

where 0
To ¢ = argmin {fg(xg) + z:Ang + §||A1x1,t 4+ Agxy — bH%} )

T2
(¢) (20 points) Using parts (a) and (b), prove that (6) is equivalent to
ziv1 = 2zt + 1 (Ar1x1, + Aszgy — b)
where

x1,¢ = argmin {fl(xl) + thAlxl + g||A1x1 + Aoxo i1 — b||§} ,

Z1

Tot = arg min {fg(xg) + Z;AQ‘I‘Q + g”Alet + Agxe — b”%} .

x2
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