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IE 539 Convex Optimization Final Exam Due 16th December 2023

1. We consider the following composite convex minimization problem

minimize f(x) + g(x) (1)

where f and g are closed and convex functions whose associated prox operators proxf (·) and proxg(·) are
known. Let us consider

H(y) = y + proxg
(
2proxf (y)− y

)
− proxf (y).

(a) (20 points) Prove that if H(y) = y, then x = proxf (y) is an optimal solution to problem (1).

(b) (20 points) Part (a) suggests an algorithm for solving (1) as follows. Given (xt, yt), we deduce
(xt+1, yt+1) as

yt+1 = yt + proxg(2xt − yt)− xt
xt+1 = proxf (yt+1).

(2)

Prove that the algorithm with the update rule (2) is equivalent to the algorithm presented next. Given
(xt, ut, wt), we obtain (xt+1, ut+1, wt+1) as

ut+1 = proxg(xt + wt)

xt+1 = proxf (ut+1 − wt)
wt+1 = wt + xt+1 − ut+1

(3)

2. We consider the following composite convex minimization problem

minimize f1(x1) + f2(x2)

subject to A1x1 +A2x2 = b.
(4)

We learned that the dual of (4) is given by (or equivalent to)

minimize b>z + f∗1
(
−A>1 z

)
+ f∗2

(
−A>2 z

)
. (5)

To solve (5), we consider an algorithm that proceeds with the following update rule. Given (zt, ut, wt), we
obtain (zt+1, ut+1, wt+1) as

ut+1 = proxηg(zt + wt)

zt+1 = proxηf (ut+1 − wt)
wt+1 = wt + zt+1 − ut+1

(6)

where
f(z) = f∗2

(
−A>2 z

)
and g(z) = b>z + f∗1

(
−A>1 z

)
.

Here, zt is a solution to (5) while ut and wt are auxiliary variables.

(a) (20 points) Prove that ut+1 is given by

ut+1 = zt + wt + η (A1x1,t − b)

where
x1,t = argmin

x1

{
f1(x1) + (zt + wt)

> (A1x1 − b) +
η

2
‖A1x1 − b‖22

}
.

(b) (20 points) Prove that zt+1 is given by

zt+1 = zt + η (A1x1,t +A2x2,t − b)

where
x2,t = argmin

x2

{
f2(x2) + z>t A2x2 +

η

2
‖A1x1,t +A2x2 − b‖22

}
.

(c) (20 points) Using parts (a) and (b), prove that (6) is equivalent to

zt+1 = zt + η (A1x1,t +A2x2,t − b)

where

x1,t = argmin
x1

{
f1(x1) + z>t A1x1 +

η

2
‖A1x1 +A2x2,t−1 − b‖22

}
,

x2,t = argmin
x2

{
f2(x2) + z>t A2x2 +

η

2
‖A1x1,t +A2x2 − b‖22

}
.
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