IE 331 OR: Optimization KAIST, Spring 2023
Lecture #24: Two-period investment planning June 8, 2023
Lecturer: Dabeen Lee

1 Outline

In this lecture, we cover

e Errata in Value at Risk (VaR) materials (Lectures 19 and 20),

e two-period investment.

2 [Errata: Value at Risk (VaR)

2.1 Lecture 19

Assume that we have likelikhood weights p; for each scenario & and the distribution PN with
P py 6= &l =pi i€ [N

Fix some a € (0,1). In Lecture 19, we defined the Value-at-Risk at level a or a-VaR is the risk
measure defined as

VaR, (g(x,g);PN> = min {t D Pepy 9(@,8) <] > a} .
There is a mistake in this definition. The correct definition is
VaRe (g, ) Py ) =min {t: Pe_p, l9(x,€) < 1] >a}

where the lower bound on the probability is given by a non-strict inequality. We also considered
the following example.

Example 24.1. Suppose that we have

i 1 2 3 4 5 6
pi 0.05 0.15 0.1 04 02 0.1
9(z, &) 0 8 6 3 2 =2
P, p, lo(z,6) <g(x,&)] | 1 095 08 0.7 03 01

Then
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)=8.

e VaRgg (g(a:,f); PN> =8 — 6.
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e VaRg 7 <g(:1:,§); ISN> =3 — 3.
e VaRyg (g(x,g);PN> = 3.

When p; = 1/N fori € [N] and o = 1—k/N, then VaR, (g(a:, €); PN) is not the kth largest value

but the (k+1)th largest value among g(z, 1), ..., g(x,&N). Basically, if g(z,&1) > -+ > g(x,&n),
then

VaR1—k:/N <g(zc, £); pN) =g(x,&k41), k=0,1,....
2.2 Lecture 20

Assume that we can model any constraint of the form g(x,&;) < b;. Based on this, let us try to
model

VaRo (g(e,€); Pv) < 0.

This is equivalent to

min {t : P

§t]>a}§0—>min{t:[?’ [g(x,)gt}Za}SO.

E~Py

We may rewrite this as

t<0
P5~P r &<t >a — P§~PN [9(x,8) <t] > «
Without loss of generality, we can take t = 0 and just consider
Pe pololzG=0>a — P p [9(z,§) <0] = o

This is because P_p [g(z,&) < 0] never decreases as ¢ increases.

Therefore, VaR,, (g(a:, €); PN) < 0 is equivalent to a chance constraint.

Pg,\,f? Y =< >« - Pgpr [g(l‘,f) < 0] >z a & ]P)ENPN [g(fl),f) > 0] <1l-o.

To model this, we introduce binary variables z; € {0,1} for i € [N] for scenarios.

{1, if g(x,&) >0
Z; = .

0, otherwise.
Basically, we add implications
zi=0 = g(x,&) <0, i€[N]
This can be modelled with the big-M technique:
g(x,&) < Mz, 1i€][N].

We need to ensure that the probability g(x,&) > 0 is no greater than 1 — a:

sz‘zz'ﬁl—a-

1€[N]



In summary,

min  f(z)
s.t. VaR, (g(x,f); PN> <0
reX
is equivalent to
min  f(z)

Zpiziﬁl—a

1€[N]
reX, ze{0,1}"

3 Two-period investment

Let us consider a two-period investment problem. Here, we have three stages of decisions in the
optimization model. Remember that rg; is the random return of stocks for period 1 and that 7, o
is the random return for period 2. Suppose that there are n outcomes for period 1:

(1) (n)

TsiveTs1-
Next, under the ith outcome rg for period 1, we assume that n outcomes for period 2:
(4,1) (i,n)
s .

b
Tel verTsl

This is summarized as the following scenario tree. Since there are n outcomes for period 1 and n
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Figure 24.1: The scenario tree under n outcomes for each stage

outcomes for period 2, there are technically n x n = n? scenarios. Moreover, we assume that each
outcome occurs with equal probability 1/n. More specifically,
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Figure 24.2: The scenario tree under n? scenarios

Decisions The period 1 investment decision is given by

xr1 = (xs,lvxo,l)
where x4 ;1 is for stocks and z,; is for savings. At the end of period 1, we observe a value among

@

7’71,..., 5,1

each of which occurs with probability 1/n. When the outcome is rgi, the period 2 investment
decision is given by

) (@ 0

‘/Eg = (568,27 0,2)’ =10

After period 2, we observe
(i,1) (i,n)
T8,2 e ey 7,572 5

each of which occurs with probability 1/n. When the outcome is 7“32] ), the total wealth is

Third-stage model The third-stage is after period 2 where we collect the total reward from the
two periods. Then the objective is to maximize the reward given by

min {p <w§i’j) — G) , q (wg’j) — G)}
where p is the borrowing rate and ¢ is the interest rate. Then the third-stage model is given by
max min {p (wg’j) — G) , q <w§i’j) — G)}
s.t. wéi’j) = rggj)xgg + x(()g

We can represent this as the following linear program.

max ¢
s.t. wéi’j) = 7"82]):63)2 + x(OZ)Q
t(Z,J) S D (wé@]) _ G)
$(0:9) < (wg‘,j) _ G)



Second-stage model The second stage is after period 1 and before period 2. In the second
stage, we prepare our second period investment plan. Assuming that the first period outcome is

! the wealth from period 1 would be

s 1
(4) (4)

Wy =TT + To,1-

For period 2, we allocate the wealth to stocks and savings. Hence,

(%)

Eliminating the term w;’, we can simply write

Moreover,

The objective is to maximize the expeted third-stage value

n

1 i
- ZQ:&(&?hﬂ?g)ﬂ“g%J’g 7).

Jj=1

Then the second-stage model is given by

(i,5)
max — E Q3 xl,ﬂ«“g 77“31#"52 )

s.t. ( %xs 1+ o1 = iL'(Z) + xOZ)Q
o008 0.

First-stage model Note that the initial budget is B. Hence, we have
B=uxs1+ 1.
Moreover, for simplicity, we assume no short selling and no leverage. Then
Ts,1,To,1 = 0.

The first stage objective is to maximize the expeted second-stage value
Ly (i)
ﬁ Z QQ(Z’l, 715,1)'
=1
Hence, the first-stage model is given by

¢ (i
max n;Qz(m,r&l)

s.t. Ts1tTo1 = B

Ts,1,Lo,1 >0

5



Aggregated model

max

s.t.

1 n o n o
ﬁzzt(m

i=1 j=1
Ts1+ To1 = B
Ts1,ZLo,1 > 0
(4) (%) (@) ;
Ts1Ts,1 T To1 = Tgo +Tpo, 1= 1,...,n
(@ .3) .
Ty Lo = 0, :=1,...,n

wi? =02 42l =1, =1,
t(Z’J)§p<w§ZJ)_G)7 i:1,...,n,j:1,
) < g (wf? = G), i=1,m, =1,

The full model after aggregating the three stages is given as follows.
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