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1 Outline

In this lecture, we cover

e introduction to multi-stage optimization,

e formulations based on scenario trees.

2 Introduction to multi-stage optimization

Many settings require us to make a sequence of decisions over time, as new information is revealed.
This has been studied under several different names. To name a few,

e online learning and online algorithms,
e sequential decision-making,

e reinforcement learning,

e dynamic programming,

e multi-stage optimization.

Each has slightly different flavors. In this course, we study multi-stage optimization, where the
focus is on how to model these problems using mathematical optimization. We will particularly
focus on linear programming formulations of these problems.

3 Investment planning

We consider a simple investment example to illustrate the ideas. The base investment amount is
B, and a target amount is G for a future expense (e.g., buying a property). Assume that we have
T investment periods. Then the goal is to implement an investment plan so that the welath wr at
the end of period T can be used towards to expense. If wpr > G, then we earn

q(wr — G)

where ¢ > 1 is the interest rate, since we can deposit the excess wr — G into a bank account. If
the final wealth wr < G, then we pay

p(G —wr)

where p > ¢ is the borrowing rate, as we need to borrrow G — wr to cover the expense. Succintly,
the reward for generating wealth wr is

min {p(wr — G),q(wr — G)}.

There are two different instruments for investment, stocks (s) and savings (o). Let t € [T] be a
period.



At the start of period ¢, we allocate amounts to stocks and savings, and let z,; and z,; denote
these amounts, respectively. We have a simple spending constraint

Wi_1 = Tst + Tot, =2

’LU():B

where w;_1 is the wealth generated from the previous period for ¢ > 2. We can short sell stocks
(borrow shares) hence x5, can be negative, but we consider the setting where

Tst > 0.

At the end of period ¢, for the amount saved z,;, we receive all of it back, with certainty. We
receive returns on stocks wich are random, i.e., unknown at the start of the priod. Let ry; be the
respective return for stocks. Then the total wealth at the end of the period is

Wy = Tslst + Tot-

For simplicity, we assume no tax and no transaction fees, no discounting factors.

For three periods, there are four stages of decisions as follows.

Period 1 Period 2 Period 3

Stage 1 Stage 2 Stage 3 Stage 4

e At stage 1 (the start of period 1), we allocate 1 = (4,1, 201).

e At stage 2 (the end of period 1/the start of period 2), we observe rs 1, based on which we
allocate z9 = (252, T02).

e At stage 3 (the end of period 2/the start of period 3), we observe 742, based on which we
allocate x3 = (253, T03).

e At stage 4 (the end of period 3), we observe r; 3.

There are a couple of remarks. Some decisions must be made before information is revealed, while
others can be made after. Our models need to account for the dependence between decisions made
before information is revealed, and those made after.

4 Multi-stage optimization models
For general multi-stage models, the workflow is as follows. Consider period t € [T].
o We implement decision z; for period t, before observing information &;.

e Receive and observe information &;.

e We prepare decision x4 for period ¢ + 1 based on {z1,...,2:} and {&1,...,&}.
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In one picture, we have

implement decision x1

— receive £ — implement decision x5

— receive {p_o — implement decision zp_1

— receive {71 — implement decision z7p.
Here, we always start by implementing decision x1 and finish by implementing decision 7.

Let us define some notations for simpler presentation.

o { =(&,...,&r—1) is the vector of data across all stages.
e x = (x1,...,x7) is the vector of decisions across all stages.
e Here the components &1,...,&p_1 and z1,...,zp themselves are also vectors, so think of &

and z as stacked vectors.

e Fort € [T, &y = (&, .., &) and z) = (21, . .., 7) are vectors representing data and decisions
from stages 1 to t, inclusive.

Define the final-stage decision model as follows.
Qr(rir_1),§r-1) = n;;n CT(f[T—u)TfET

st. Ar(r—1)rr—1) + Br(§r_1)rr > br(§r_1])-

Here, CT(§[T71]) is the cost vector for stage T" determined by the past data {r_y}, and z7 is the
decision made at the final-stage. A7(§7_1)) and Br(§7_1)) are the constraint matrices for stage 7'
determined by the past data §r_qj.

Define the stage-t decision model for 2 <t < T — 1 as follows.
Qt(x[tfl]af[tfl]) = HEH Ct(§[t71])Tﬂft +E [Qt+1(m[t]7§[t]) ‘ f[tﬂ}]
st Ap(§p—)wp—1) + Be(§p—1y)me > be(Epp—1))-

Again, ¢;(¢ [t_l]) is the cost vector for stage ¢ determined by the past data &j;_1}, and ; is the decision
made at stage t. Ay(§y—1)) and By({—1)) are the constraint matrices for stage ¢ determined by the
past data {;_1). Moreover,

E [Qt+1($[t]a5[t]) | f[tﬂ}]
is the expectation of the stage-(t + 1) value Q¢41(x, [)) conditional on the data £;_;) up to stage
t — 1. Basically, when computing the conditional expectation, we consider the randomness of &
only.

Lastly, we define the first-stage decision model as
min ¢l w1+ E[Qa(x1,6)]
s.t. Bixi1 > by.

Hence, when we make decision 1, we consider Q2(z1,&1). In fact, Q2(z1,&1) is determined by the
data across not only the current stage & and but also all future stages &,...,&r_1. Although
we make decision for stage 1, we need to look ahead future stages based on predictions about the
future.



5 Formulation based on scenario tree

The two-stage optimization model is given by

n;iln i 1 + E [Qa(21,&1)]

s.t. BliL'l > b1
where

Q2(21,61) = 121211 ca(&1) T ao

s.t. A2(£1)£C1 + 32(61)392 > bg(fl).

To solve this, we used scenarios to predict the value of &. For more than two stages, we also
need to consider &9, ...,&r_1. Hence, we use what is called a scenario tree since the information
is revealed sequentially, and we need to account for the information structure. Let &%, ... &N be
our scenarios. Here,

&= &)
and & is the data observed at the end of stage t € [T — 1].

For example, let us consider the case with T' = 3, i.e., a three-stage model. Note that the three-stage
model is given by

min o1 w1+ E[Qa(z1,61)]
st. Bimp > b
where
Qa(z1,€1) = min ca(&r) ' wa + E[Qs((w1,22), (61,6)) | €]
st Ag(&)z1 + Ba(&1)we > ba(&1)

and

Qs3((71,72), (§1,62)) = I%H c3(&1,&) "o
st A3(&1,&2) (w1, 22) + B3(&1, &2)xs > b3(&1, &2).

Suppose that we five scenarios.

& =(&,&)
&= (&.6)
¢ =(&,8)
&= (6,&)
£ = (&,6).
We represent multiple stages within scenarios as the tree structure as in Figure 23.1. This is a
scenario tree. Assume that scenarios &1, ..., &5 occur with equal probability:
1
Ple=¢]==Ple=¢] =
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Root

& & & &2 3

Figure 23.1: A scenario tree for T =3

Then
E[Qa(x1,6)] = Y P[¢ =& Qaa1,&]) = ZQz 1,£7).

1€[5] 16[5

Moreover, by the scenario tree structure, we know that if the first-stage information is &i, then the
second-stage outcome would be &. Therefore,

E [Q3((z1,22), (€1,6)) | &1 = €] = Q3((z1,22), (€1, £5)).
For each scenario ¢ € [5], we define variable
(xlv .CUg, .Ié)
for three stages. Then the resulting optimization model is given by
1 A
. T 1
min- ¢ 71+ ¢ Z Q2(1,67)
i€[5]
st. Bix1 > b

where
Qa(w1,&) = min (&) 7h + Qsl(w1, 7). (€1,6))
s.zt. Ag(€)w1 + Bo(€)ah > ba(£&))
and
me%mﬁéﬁzzrg»ﬂ&@%

s.t. As(€],€)(z1,25) + Ba(€], €)h > bs(€1, ).
Here, we use variables :Eé, mé for scenario 7. Therefore, the aggregated model is given by
min ol + 5 3 (eale) Tah + caléh, €7
1€[5]
st. Bir1 > b
Aa(&))z1 + Ba(&])nh > ba(&]), i€ [5)
As(&1,6) (w1, oh) + Bs(€, €5)7h > bs(&1,6), i € [5].
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6 Aggregating scenario trees

What if we only have two possible outcomes for &; (first stage data). Let £§ and ff denote the
two outcomes. Suppose that

cel-g-g
-el g e

Here, if we see £¢, we cannot tell if we are in scenario 1 or 2. If we see £, we cannot tell if
we are in scenario 3, 4, or 5. Figure 23.2 represents the scenario tree for this case. Note that we

Root

& =¢=¢ g=6=¢5=6

/\

& & & & &

Figure 23.2: The scenario tree aggregating the same second stage outcomes

may have &1 = &5. However, we use distinct nodes for &1 and &, because their parent nodes are
different. We use the notion of non-anticipative constraints derived by examining the scenario
tree given in Figure 23.2. We add the following constraints according to the scenario tree given in
Figure 23.2.

(level 1, left node)

o) = a2
x5 (level 1, right node)

N N

=1

Then the resulting optimization model is given by
. T 1 iNT i i pinT i
mm ¢ T3 + H Z <C2(§1) x5+ c3(€1,€5) 953)
i€[5]
s.t. Bl:L‘l Z b1
Ax(&1)m1 + Ba(&])wh > ba(&), i € [5)
As (&1, &) (w1, w5) + Bs(&1,&3)wy > b3(&1,€3), i € [5]

xy = a3
3 4 5

1/'2 :$2 :332.

We can get a more compact representation by replacing each non-anticipative constraint with a
single variable, according to the scenario tree as in Figure 23.3. Basically, we replace both z} and
x3 by 2%, and we replace 3, 23, 75 by z4. Then we deduce the following optimization model.



min

s.t.

Root

1
e =1 =¢2 g =88=¢=¢
a3 a}
52 52 §2 52 52
l’3 353 953 333 953

Figure 23.3: The scenario tree with corresponding variables

ch1+(2 2(E0)28 + Sen(E)z >+1c3(£1,£2> oh+ ges(eh, )T

5 5
+zea(eh ) Tod + pes(eh 6ok + Zealel, ) ek
Biz1 > by
Az(&7)r1 + Ba(&7)x5 > ba(&7)

As (€)1 + Ba(&h)ah > ba(&h)
A3(&1,6) (1, 28) + Bs(&F, &)y > ba(&7,63)
A3(&7,65) (w1, 28) + Ba(&1,€3)23 > ba(&7,€3)
As(&),63) (w1, 28) + Bs(&),€3)a3 > bs(&0, 63)
As(€},€3) (w1, a8) + Bs(€h,€3)a4 > bs (€}, €3)
As(&),€3) (w1, 28) + Bs(&), €5)a5 > b3 (&0, £3).
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