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1 Outline
In this lecture, we cover

e projected subgradient method,
e gradient descent for smooth functions,

e adaptive gradient (AdaGrad).

2 Convergence of Gradient Descent for Smooth Functions

Remember that gradient descent for a Lipschitz continuous function has a conergence rate of
O(1/v/T) and uses a constant step size of order O(1/+/T). In this section, we consider smooth
convex functions for which gradient descent achieves a faster convergence rate.

We say that a differentiable function f : R? — R is S-smooth with respect to the £5 norm for some
B >0if

IVf(@) =V fll2 < Bllz -yl
holds for any x,y € R% Smooth functions have the self-tuning property! By the optimality
condition (for unconstrained problmes), we have V f(z*) = 0 for any optimal solution z*. Then
the smoothness assumption implies that the gradient gets close to 0 as we approach an optimal
solution. This is in contrast to a non-differentiable function, e.g., f(x) = |z| over R.
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Figure 4.1: Smooth functions vs non-smooth functions

Recall that the gradient descent method for Lipschitz continuous functions requires a constant but
small step size O(1/v/T) where T is the total number of iterations. This is partly because the
subgradient does not get smaller even when we get realy close to an optimal solution. In contrast,
for smooth functions, we can take large step sizes, because the gradient gets reduced as we converge
to an optimal solution. This is referred to as the self-tuning property.

Next we prove the convergence result for smooth function. The first thing we observe is that a
gradient step for a smooth function can always guarantee a strict improvement. To explain this,
take a differentiable and -smooth function f : R¢ — R.

Lemma 4.1. If f is B-smooth in the {5 norm, then
ly — |

f) = f@) = V@) (y—a)| <
1
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Proof. By the fundamental theorem of calculus and the Cauchy-Schwarz inequality, we obtain the
following.

1
F) ~ (&) - V() (- )| = \ /0 (y—2)T (Vi(x+tly — 2)) — V() dt
1
< / ly — 2 IV f (x4 ty — 2)) — V()] dt
0

1
< / Btlly — xll3dt
0
B )
=2 lly I3

where the equality is due to the fundamental theorem of calculus, the first inequality is by the
Cauchy-Schwarz inequality, and the second inequality is from the S-smoothness of f. O

Consider a gradient step given by

Tip1 = ¢ — eV f ().

Note that

F(enn) < Sn) + V@) (s = ) + 5 s -l
2
= te)+ (= + 22 ) 19 5@
< flan) = g5V @

where the first inequality follows from the S-smoothness of f and the second inequality is because
the term inside the parenthesis is a quadratic function in 7; which can be maximized at n; = 1//.
Therefore, when 7, = 1/, we obtain

Flaem) < flae) — 215|er<%>|%,

which implies that f(x¢11) is strictly better than f(z;) when z; is not an optimal solution. Based
on this observation, we can prove the following convergence result for smooth functions.

Theorem 4.2. Let f : R? — R be B-smooth in the la-norm and conver, and let {xy :t =1,..., T+
1} be the sequence of iterates generated by gradient descent with step size

1
M=
s

for each t. Then

_ax]|2
fleran) — o) <

where x* is an optimal solution to min,cga f(x).



Proof. Note that
i) < fwn) = 51V (@)l
< £(@7) = Vi) @ = ) - o5 V)
— f(@*) + 2 (Jlae = a* I3 = lares — 2*13)
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where the second inequality is because f(x;) + Vf(z;)' (z — x;) is a lower bound on f and the
equality follows because x1y1 = x¢ — (1/8)V f(z¢). This implies that

* IB * *
Flen) = f@") < 5 (Il = 2113 =z = 273)
summing which over t = 1,...,T and dividing the resulting one by T, we obtain

T
T ;f(xtﬂ) —f@") < o (llzr — 2*||3 = [|z741 — 2¥|3) < oo I2.

Recall that each gradient step for smooth functions leads to an improvement, i.e., f(xi11) < f(x¢).

Therefore,
T

For) = S S 3 32 Sla) = 1) < glen =21
as required. O

The important takeaway is that we took a constant step size 1/, which does not depend on the
number of iterations T'. This is due to the self-tuning property of smooth functions. Although we
do not shrink the step size, the change between the current iterate x; and the next iterate x;11 gets
reduced as we approach an optimal solution.

As discussed before, the term ||x; — 2*||2 and the smoothness parameter § are all fixed constants.
Hence, the convergence rate is O(1/T'). Therefore, after T'= O(1/¢) iterations, we have

fxri) — f(2¥) <e

Note that the convergence results for smooth functions improves over O(1/v/T) and O(1/€?) for
the subgradient method.

3 Projected Subgradient Method

The first-order characterization of convex functions states that a differentiable function f is convex
if and only if dom(f) is convex and

F(y) = f(@) +Vf(z) (y - )

for all z,y € dom(f). For a non-differentiable function, we can define the notion of subgradients
as well as subdifferentials.

Definition 4.3. Given a convex function f : R? — R and a point z € dom(f), the subdifferential
of f at z is defined as

of@)={g: f) = f(@)+ g (y—2) vy e dom(f)}.
Here, any g € 0f(x) is called a subgradient of f at x.
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Conversely, the subdifferential is the set of subgradients. If function f is differentiable at z, then
we have 0f(z) = {Vf(z)}, and therefore, the subdifferential reduces to the gradient. In contrast,
a non-differentiable function may have more than one subgradient. Moreover, note that for any
subgradient g at z, f(z) + ¢ ' (y — x) provies a lower approximation of the function f.

Recall that for a differentiable univariate function f, the gradient of f at some point x is the slope
of the line tangent to f at . We have a similar geometric intuition for subgradients. Consider the
the absolute value function f(z) = |z| over € R, which is not differentiable at x = 0. As depicted

f(x)=Ix|

Figure 4.2: Subgradients of f(z) = || at x =0

in Figure 4.2, there are multiple lines that are below f(z) = |z| and go through x = 0. In fact, the
subdifferential of f can be computed as follows.

{—1} = {sign(x)}, forz <0
of(x) =< [-1,1], forx =0
{+1} = {sign(z)}, forz >0

{sign(z)}, forx #0
[—1,1], for z = 0.

Let us consider a few more examples.

Example 4.4. Let f(z) = |z|; : RY — R. Then the subdifferential of f at any point r =
(w1,...,24)" is the set of vectors g = (g1,...,94) " such that for each i € [d],

 Jsign(z;), ifx; #0
“l-1,1), ifa =0
We discussed the gradient descent method for minimizing a differentiable convex function. For

non-differentiable convex functions, we can consider subgradients and use the subgradient method
described as follows.

Algorithm 1 Projected Subgradient Method
Initialize z; € X.
fort=1,...,7 do
Obtain a subgradient g; € 0f (x).
x441 = Projy(xy — negr) for a step size ny > 0.
end for

In Algorithm 1, we have the operation Projy(z; — n:9¢). Here, the operator Projy(-) is the pro-
jection operator defined as
Projy(z) = argmin ||z — y||2.
yeX
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Lemma 4.5. Let u,v € R%. Then
[Projx (u) — Projy(v)ll2 < [lu — vll2.
Proof. Note that
. 1
Projy(z) = argmin 5”35 — y||%
yeX
By the optimality condition, it follows that

(Projy(z) = 2)" (y — Proj(x)) > 0
for all y € X. Equivalently,

(Projy(z) —z) " (Projy(z) —y) <0 forally € X.

Next let us consider two points u,v and their projections onto C, given by Proj~(u) and Proj-(v),
respectively. Then we have

(Projc(u) — u) ' (Projc(u) — Proje(v)) <0,

(Projc(v) — v) T (Projo(v) — Projc(u)) < 0.
Adding these two inequalities, we obtain

IProjc(u) — Proje(v)3 — (u —v) " (Proje(u) — Proja(v)) < 0.

Then it follows from the Cauchy-Schwarz inequality that ||Projo(u) — Projo(v)|2 < ||lu — v||2, as
required. ]

We will show that the subgradient method given by Algorithm 1 converges if the subgradients of f
are bounded. Recall that for the differentiable case, the ¢ norm of f’s gradient is bounded if and
only if f is Lipschitz continuous.

Theorem 4.6. Let f : RY — R be a convex function such that ||glls < L for any g € df(x) for
everyx € RY. Let {x;:t =1,..., T} be the sequence of iterates generated by the subgradient method
with step size

_ <
77t— \/T

for each t for some constant C'. Then

1 & e
f(T;xt> - f(@") <

for some constant C' where x* is an optimal solution to mingeyx f(x).

3

Proof. Let n = C//T. Note that
141 — 2|13 = [[Projx (w: — nge) — Projx(z*)]3
< |l = nge — «*I3
= |l —a*3 — 2ng/ (xe — 2™) + 0*g¢ 13
< e — 2*[13 = 20(f (xe) — f(2)) + %[ glI3
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where the first inequality follows from Lemma 4.5 and the second inequality follows from f(z*) >
f(zy) + g (z* — x4) as g; is a subgradient at x;. Then it follows that

T
1 o L o lmi—a3 n,o 1 (|lz—a*]3  CL?
— — < — — < —= — —
f<Tt§1$t> f(ar)_TE fze) — f(2¥) < 20T oLt < = 5o T g )

t=1
as required. O

Here, the step size 1) has the order of O(1/v/T) when we run the subgradient method for T iterations.
Then the convergence rate is O(1/v/T), and the number of required iterations to bound the error
by € is O(1/€2).

4 Adaptive Gradient Method

We observed that the performance of gradient descent heavily depends on our choice of learning
rates. We have discussed how to choose learning rates to achieve the best theoretical convergence
guarantee. For example, for a S-smooth function, our choice was n = 1/8. However, to implement
this choice of learning rate, we need to know the smoothness parameter 3, which can be difficult
in practice.

In this section, we study what is known as adaptive gradient (AdaGrad), which is a variant
of gradient descent that automatically adapt to the problem structure such as smoothness and
Lipschitz continuity, AdaGrad deploys a schedule of learning rates that do not require knowledge
of the smoothness parameter 5 and the Lipschitz continuity constant L. Moreover, AdaGrad
achieves a convergence rate of order O(1/+/T) for Lipschitz continuous functions and a convergence
rate of order O(1/T) for smooth functions.

Algorithm 2 AdaGrad

Initialize z1 € X and Sp = 0.
fort=1,...,7 do
Obtain a subgradient g; € O f(zy).
Set Sy = S—1 + ||g:]13 and n; = R/v/2S;.
Update x111 = Projy(x — ntge)-
end for

In Algorithm 2, R denotes an upper bound on the diameter of &', i.e., R > sup,, ,ex [|u — v||2. The
following lemma holds under AdaGrad, and it will be used to provide convergence guarantees for
AdaGrad.

Lemma 4.7. Let f : R? — R be a function. Let {x; : t = 1,..., T} be the sequence of iterates
generated by AdaGrad. Then

T T
Do (we—a") <\ [2R2) lgill3.
t=1 t=1

Proof. Note that

zepr — 25 < |loe — mege — 2*|3

= ||z — @[3 — 2mg/ (xe — 2*) + 07 | g¢ 13-
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Then it follows that

S o (01— o) < =M | L= o ( L1 ) e
g (1 — %) < —5——= — 5 llgtll
— 2m p 2 o ome1) =2
T
R? Yo 2
< —+ -9
e+ 2 3 il
T
R R llg¢113
< V251 + —= :
2 2@; VSt
It is known that for any non-negative numbers aq, ..., a,, we have
n
> =
i=1 22‘:1 a;

Applying this inequality, it follows that

T R R T
S ol (w—a*) < V251 + /51 = | 2R gl
t=1 2 \/5 t=1

as required. O

Based on Lemma 4.7, we can prove the following theorem which states that AdaGrad guarantees
a convergence rate of O(1/v/T).

Theorem 4.8. Let f : RY — R be a convex function such that ||glls < L for any g € df(x) for
every x € RY. Let {xy:t=1,...,T} be the sequence of iterates generated by AdaGrad. Then

1 .. _LRV2
f<TtZ:;$t> _f(x)gﬁ

Next, we consider smooth functions. To analyze AdaGrad for smooth functions, we need the
following lemma on smooth functions.

Lemma 4.9. Let f : R — R be a convex function. If f is f-smooth, then for any =,y € RY,
F0) 2 1) + V1 @) (v = 2) + 559 (@)~ VW,
Proof. Since f is B-smooth, we have
F(2) < 1)+ VF@) T~ a)+ Dl —al} for any = € R
Then taking z = y 4+ (1/8)(Vf(x) — Vf(y)),
F@) — () = J(@) — F2) + () — ()

< V@)~ 2) + VW) )+ o~ ol

= V@) (@ ) + (V) = V1) () + 5=~ ol

= Vi) (@~ 1) = 5519 @) = VB,
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Then it follows that
;rw(m) VIR < ) - f@) + V@) (@ - y),

as required. O

The following theorem states that AdaGrad guarantees a convergence rate of O(1/T") for smooth
functions.

Theorem 4.10. Let f : R? — R be a conver function that is -smooth. Let {x; :t=1,...,T} be
the sequence of iterates generated by AdaGrad. Then

( th>— gﬁTRQ

where x* is an optimal solution to min,cgpa f(x).

Proof. By Lemma 4.9, we have
far) = Fla") < Ve (@1 = 5°) = 3519 o)

which implies that

lT . <1Tv T N v )
f T;% —f(ﬂﬁ)_thiT f@) (xt—x)—QBTZH f(@d)lz.

Moreover, by Lemma 4.7, we deduce that

1 & i 1 T

Here,

QRZZHVf xt)| ZHVf z)||3 <maX{RZ\/§z } = BR2.

23
( Z%) - Sﬁr;tﬁ,

as required. ]

Therefore, it follows that

The convergence guarantees of AdaGrad provided by Theorems 4.8 and 4.10 have the same asymp-
totic rates as those of gradient descent. Gradient descent, however, need to adjust learning rates
based on whether a given function is smooth of Lipschitz continuous. In contrast, the adaptive
schedule of learning rates of AdaGrad automatically adapt to the structure of a given function.
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