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Function Approximation for Reinforcement Learning

® Model the reward function, the transition kernel, or the value function
with a function class, e.g., neural networks.
e Applications (of mostly neural function approximation):
® Atari games | ]
® Go | ]
® Robotics [ ]
® Autonomous driving [ B
® Despite this empirical success, we lack theoretical understanding of

function approximation frameworks.

Today’s Theme

Design and analyze function approximation frameworks and algorithms for
reinforcement learning with provable guarantees.
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® Markov Decision Process (MDP) (Background)
® Linear Function Approximation for Reinforcement Learning (RL)

® Multinomial Logistic (MNL) Function Approximation for RL
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Markov Decision Process (MDP)

Formulation

State at timet + 1
St+1

Action at time t
A

State at time t
St

® 7(a|s): policy, given by the probability of taking action a at state s
® r(s,a): reward from choosing action a at state s

® P(s’' | s,a): probability of transitioning to state s’ from state s when the
chosen action is a.



Markov Decision Process (MDP)

Settings
® Finite-Horizon MDP
® |nfinite-Horizon Average-Reward MDP

® |nfinite-Horizon Discounted-Reward MDP



Markov Decision Process (MDP)

Finite-Horizon MDP

® Fixed initial state (or a fixed distribution of the initial state).

® H: the finite length of the horizon.

® For example, arcade games.

® Basically, run an episode and reset.



Markov Decision Process (MDP)

Infinite-Horizon Average-Reward MDP

® Continue the process without resetting.
® Start with the initial state s;.

® Given state s; in time t, take action a; and observe the next state s;;1.

For example, inventory management and financial planning.

® Average reward (under policy 7):

™ . 1
J (s1) = I|Tnl)|;10f E [T Zr(st,at)] .

t=1

Optimal policy:
7 € argmax, {J"(s1)}.



Markov Decision Process (MDP)

Infinite-Horizon Discounted-Reward MDP

® Similar to the infinite-horizon average-reward setting.

¢ Discounted reward (under policy 7):

T

VT(a1) = IiTnl)igof E [Z v (s, at)]

t=1

for some discount factor v € (0, 1).



Computing Optimal Policies for MDPs

® |If the reward and transition functions are known, we can efficiently
compute an optimal policy for both finite- and infinite- horizon MDPs.

® One may use the following frameworks to compute an optimal policy.
@ Linear programming-based methods.
@® Value iteration.
© Policy iteration.
O Policy gradient.



Reinforcement Learning for MDPs

Reinforcement Learning for Infinite-Horizon Average-Reward MDP

® At state s; for time step t, take action a; from policy 7'

® Observe r(st, at) + €;: (noisy reward) and the next state sy1.
® |earn the reward function r and the transition function P.

e Update 7’ to obtain policy 7! for time step t + 1.

® Total cumulative reward over T steps:

-
E 5t7 at

t=1

® Regret:

T.mfx{llemf [Z (sf,ar) ]}—i:r(sf,at)

optimal average reward




Regret Bounds

Infinite-Horizon Average-Reward MDP
® Not all MDPs are learnable!

® Not learnable means that no algorithm can guarantee a sublinear regret.

Regret(T)

-
1

=T -max<liminf = -E E r(sﬂaf)]}—g r(ss,a) = o(T)

T {T%oo T |:t—1 —1 N —

sublinear in T

(sublinear in T: Regret(T)/T — 0as T — oc0).



Regret Bounds

Infinite-Horizon Average-Reward MDP
® Recovery from a bad state to a good state should be possible!

Weakly Communicating

Communicating

Ergodic

® Ergodic MDP: every policy induces a single recurrent class.

® Communicating MDP: one can travel from one state to any other state by
a policy.

® Weakly Communicating MDP: state space S has a set of communicating
states, and the others are transient states.



Regret Bounds

Infinite-Horizon Average-Reward Tabular MDP

Weakly Communicating

Communicating

Ergodic

® Communicating MDP: MDPs with bounded diameter, where

D = max min E| T(s'| M,7,s)
s#s'eS m:S—A S ——

~—
diameter of an MDP M travel time from s to s’

® \Weakly Communicating MDP: MDPs with bounded span, where

sp(v™) = max v (s) — min v (s)

and v* is the optimal associated bias function.

® For communicating MDPs, sp(v*) < D.



Regret Bounds

® Regret (S: # of states, A: # of actions):

Regret Lower Bound [ ] ‘ (+/sp(v*)SAT)
UCRL2 | ] | O(DSVAT)
Thompson Sampling | ‘ O(DV/'SAT)
REGAL.D | ] | O(sp(v*)SVAT)
EBF [ ] | O(+/sp(v)SAT)

General Goal

1. Prove a strong lower bound
2. Develop an algorithm whose regret upper bound is close to the lower bound.



RL with Function Approximation

® For infinite-horizon average-reward MDPs, the regret lower bound is

Infinite-horizon | ] ‘ Q(+/sp(v*)SAT)

® When S or A is large, the regret is large.

e Atari: 10'% states, Go: 10'7° states.




RL with Function Approximation

® There can be some underlying structures for a given MDP.

® Hence, we may approximate the reward function or the transition kernel
by a function class, e.g., neural networks.

® Applications (of mostly neural function approximation):
® Atari games | ]
® Go | ]
® Robotics | ]
® Autonomous driving [ B

Question

Assuming that the reward and transition functions come from a function class,
can we guarantee a smaller regret bound?



Linear Function Approximation

Linear MDP
® Assume that the transition probability is given by

P(s’ | s,a) = ¢(s,a) " u(s)).
® »:S8x A—R?is a known feature mapping.
® 1 :S — R is an unknown parameter function.
® \We are interested in the regime where the dimension d is small.

® The task is to learn the unknown parameter function pu.



Linear Function Approximation

Linear Mixture MDP
® Assume that the transition probability is given by

P(s' | s,a) = (s, a,s’) 6.

® »:SxAxS— R?is a known feature mapping.
¢ 9 € R? is an unknown parameter.
® \We are interested in the regime where the dimension d is small.

® The task is to learn the unknown parameter 6.



Linear Function Approximation

Regret for Infinite-Horizon Linear MDP

2d /() T)

Lower Bound [ ]

|
FOPO [ ] (inefficient) ‘ O(d**sp(v*)VT)
OLSVLFH [ ] | O(d*™sp(v*)>° T*™)
LOOP | ] (|neff|C|ent) ‘ O(d*°sp(v*)5VT)
MDP-EXP2 | ] (ergodic) | O(dL3VT)

Theorem (Hong, Chae, Zhang, Lee, and Tewari, 2024+)

An efficient value iteration-based algorithm guarantees that for weakly
communicating linear MDPs with span sp(v™),

Regret = O (dl'ssp(v*)ﬁ).

® We achieve the best regret upper bound with an efficient algorithm.



Linear Function Approximation

Corollary (Hong, Chae, Zhang, Lee, and Tewari, 2024+ )

There is an efficient model-free algorithm that guarantees that
Regret = O (sp(v*)51‘5A1'5ﬁ>

for weakly communicating MDPs with span sp(v*) where S and A are the
numbers of states and actions.

® This improves upon the regret upper bound of
Regret = O (sp(v*)SSAzﬁ)

due to [ I



Linear Function Approximation

Regret for Infinite-Horizon Linear Mixture MDP

Lower Bound [ ] ‘ Q(d+/sp(v*)T)
UCRL2-VTR | ] (communicating) | O(dVDT)

Theorem (Chae, Hong, Zhang, Tewari and Lee, 2024+)

An efficient value iteration-based algorithm guarantees that for weakly
communicating linear mixture MDPs with span sp(v*),

Regret = O (d\/W)

® Qur algorithm is minimax optimal!



Algorithm for Linear MDPs and Analysis

Parameter Estimation
® There exists 8* € R? such that

Ey np(js,0) [V(s)] = @(s,a) 0"

for any value function V and state-action pair (s, a).

® To obtain 6, we apply ridge regression:

0= argminycga Al|0)13 + Z o(sr,ar) 0 — V(sr41)
—_———— N——

T .
expected value realized value



Algorithm for Linear MDPs and Analysis

Value Iteration with Clipping

@ Approximate the average-reward MDP by a discounted-reward MDP.

® Run value iteration on the disounted-reward MDP:

Qn+1(57 a) = I’(S7 a) +7- @(57 a)Te_ﬂ + B ”90(57 a)”)jfl

discounted value iteration bonus term for optimism [0,(1—=~)—1]
s

® Apply the following clipping operation to control span:

Vor1(s) = min { max Q,11(s,a), minmax Qu1(s’,a) +2-sp(v’)
a s’ a

threshold



Algorithm for Linear MDPs and Analysis

Input: Discounting factor v € (0, 1), regulanzatlon A > 0,span H, bonus factor 3.
Initialize: ¢ < 1,k < 1,t5 < 1, Ay < A, Ao < A, Q1(-,) .

Receive state s;.
for time stept =1,...,T do
Take action a; = argmax, Q¥(s;, a). Receive reward r(s;, a;). Receive next state s;.y1.
Ap = Aoy + (52, a0) (51, ar) ™
if 2det(Ax) < det(A;) then ~
k< k+1,tp < t+1, A < Aq.
// Run value iteration to plan for remaining T —t; + 1 time steps in the new
episode.
VI’"C+1(') A ﬁ’ V7E+1(') Ay
foru—TTfl tkdo
u+1 — AL ! Eq— 1P 377“7)(Vf+1(37+1) — ming Vf+1(3/)))~
QL) (r(- )+ (e ), whyn) +ming Ty () + Bl Mlaz)) A -
‘Zk( *) ¢ max, @ ( a).
VE() « VEC) A (ming VE(s') + H).




Algorithm for Linear MDPs and Analysis

Proof for Regret Upper Bound

® The regret function can be decomposed as follows.
Lemma

Regret

K tep1—1 K tkp1—1

<SS U@V Hr Y] D (Vialse) —

Qf(st, at))

=Ry k=1 t=t;
(a (b)
K tkp1—1
+VZ Z ( s/ ~P(-|st,at) [Vt+l(s )} - Vtﬁl(5t+1))
k=1 t=ty
()
K tky1—1

4830 3 (s ae) -

k=1 t=t)

(d)



Algorithm for Linear MDPs and Analysis

Proof for Regret Upper Bound

® Term (a), given by

K trep1—1

Z Z (J -Q1- ’Y)Vtk+1(5t+1))7

k=1 t=t;
is due to approximation by the discounted-reward MDP.

Lemma

Let J* and v* be the optimal average reward and the optimal bias function,
and let V* be the optimal discounted value function with discount factor
v € [0,1). Then it holds that

max|J* = (1=9)V"(s)| < (1= )sp(v"),

sp(V*) < 2-sp(v").



Algorithm for Linear MDPs and Analysis

Proof for Regret Upper Bound

® Term (b), given by

K tkp1—1
D> (Va(se) — Qé(se ar)),
k=1 t=t;

can be upper bounded based on

Viia(se1) < max Qti1(ser1,a) = Qfy1(Ser1, A1)

® This leads to a telescoping sum.



Algorithm for Linear MDPs and Analysis

Proof for Regret Upper Bound
® Term (c), given by

K tky1—1

Z Z (ES’NIP’ (-]st,at) [Vt+1(5 )] - Vt:—l(stJrl)) )

=1 t=t;
is bounded based on the covering argument due to [
with the Azuma-Hoeffding inequality for martingales.

® Term (d), given by

K tkp1—1

S0 el a)llpt,

k=1 t=t;

is bounded based on the self-normalization inequality due to

[ I

] along



Algorithm for Linear MDPs and Analysis

Regret for Infinite-Horizon Linear MDP

Q(d\/sp(v)T)

Lower Bound | ]

|
FOPO [ ] (inefficient) ‘ O(d**sp(v*)VT)
OLSVI.FH | ] | (d0 Psp(v*)*ST7)
LOOP [ ] (|neff|C|ent) ‘ O(d"*sp(v*)'*V'T)
MDP-EXP2 [ ] (ergodic) | O(drmiaV/'T)

Theorem (Hong, Chae, Zhang, Lee, and Tewari, 2024+)

An efficient value iteration-based algorithm guarantees that for weakly
communicating linear MDPs with span sp(v™),

Regret = O (dl'ssp(v*)ﬁ).



Algorithm for Linear Mixture MDPs and Analysis

Regret for Infinite-Horizon Linear Mixture MDP

Lower Bound [ ] ‘ Q(d/sp(v*)T)
UCRL2-VTR [ ] (communicating) ‘ O(dv/DT)

Theorem (Chae, Hong, Zhang, Tewari and Lee, 2024+)

An efficient value iteration-based algorithm guarantees that for weakly
communicating linear mixture MDPs with span sp(v™),

Regret = O (d\/W)

Key Components for Improvement

® For linear mixture MDPs, the clipped value iteration procedure
converges!

® We apply variance-aware weighted linear regression for estimating 6.



RL with Non-Linear Function Approximation

® Perhaps, the linearity assumption is too restrictive.
® It is not always clear how to impose 0 < P(s’ | s,a) < 1 for the linear case.

® The underlying model function can be non-linear.



RL with Multinomial Logistic Function Approximation

e ] proposed the multinomial logistic (MNL) function
approximation framework.

® Assume that the transition probability is given by
eXp (@(57 a7 sl)Te*)
ZS”ES exp (()0(57 ay 5//)T0*) ’

® Advantage: the MNL framework is natural for modeling transition
probabilities.

P(s’ | s,a) =

® As the linear mixture MDP, ¢ : S x A x S — RY is a known feature
mapping.
® Moreover, 0% € R? is an unknown parameter.

® Again, we are interested in the regime where the dimension d is small.



RL with Multinomial Logistic Function Approximation

Regret Bounds for MNL transitions (Finite-Horizon)

UCRL-MNL-LL+ | ] | O(dH*VK)

Lower Bound [Our Result: Park, Kwon, and Lee, 2024+] ‘ Q(dHl'S\/R)

Regret Bounds for MNL transitions (Infinite-Horizon)

UCMNLK [Our Result: Park, Kwon, and Lee, 2024+] ‘ O(dsp(v*)V'T)

Lower Bound [Our Result: Park, Kwon, and Lee, 2024+] ‘ Q(d+/sp(v*)T)




Finite-Horizon Lower Bound

(H—1) exp(—a"0y)
T+(H-1) exp(—a’ 6,)

(H-1) exp(—aT 6;)
TH(H-1) exp(—aT 01)
,
,

'
'
\
\
\

1 \ 1
\I+(H-T)exp(—aT01)  \1+(H—1)exp(—a’02)
\ \
\ \ \
\ \ \
M N

TH+2

\
Y

[

Theorem (Park, Kwon, and Lee, 2024+ )
There is an MDP M with K > {(d — 1)?H/2, H*(d — 1)?/32}, d > 2, and

H > 3 for which any algorithm 2 incurs

(d— 1)H1'5\/K 1.5
R t>-— " — —— = Q(dH "V K).
ceret = 480+/2 ( )



UCMNLK

Theorem (Park, Kwon, and Lee, 2024+)

An efficient value iteration-based algorithm guarantees that for weakly
communicating MNL MDPs with span sp(v*),

Regret = O (dsp( )\/>)

® |og-likelihood function:
t—1
zf(e) = Z Z Yi,s |ngi(sl,6)'
=1 s'€85;,a;

® Apply the online Newton method of | ] to
estimate the transition parameter 0*:

~ . ~ ~ 1 ~
0t+1 = argmlngee {Vg(ft(et))T(H — Gt) + %”9 — Ht”%t} .



Infinite-Horizon Lower Bound

Sl

I S

T+(D—1)exp(—aT0) ° @
(D—1) exp(—a' 6)

1+(D-1)exp(—a'0)

Theorem (Park, Kwon, and Lee, 2024+)

There is an MDP instance M with d > 2, sp(v*) > 101, and
T > 45(d — 1)?sp(v*) for which any algorithm 2 incurs

1 *
> dv = .
Regret > 4050d DT =Q (d\/sp(v )T)

o~



Thank you!
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